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WEAK POSITIVITY THEOREM AND FROBENIUS STABLE
CANONICAL RINGS OF GEOMETRIC GENERIC FIBERS
SHO EJIRI
Abstract. In this paper, we prove the weak positivity theorem in positive char-
acteristic when the canonical ring of the geometric generic fiber F is finitely gen-
erated and the Frobenius stable canonical ring of F is large enough. As its appli-
cation, we show the subadditivity of Kodaira dimensions in some new cases.
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1. Introduction
Let f : X → Y be a separable surjective morphism between smooth projective
varieties over an algebraically closed field satisfying f∗OX ∼= OY . The positivity of
the direct image sheaf f∗ω
m
X/Y of the relative pluricanonical bundle is an important
property. In characteristic zero, there are numerous known results. Fujita proved
that f∗ωX/Y is a nef vector bundle when dimY = 1 [Fuj78]. Kawamata generalized
this to the case when m ≥ 2 [Kaw82] and to the case when dimY ≥ 2 [Kaw81]
(see also [Fuj14]). Viehweg showed that f∗ω
m
X/Y is weakly positive for each m ≥ 1
[Vie83] (see also [Kol87], [Cam04], and [Fuj13]). Here weak positivity is a property
of coherent sheaves, which can be viewed as a generalization of nefness of vector
bundles, and is equivalent to nefness when we restrict ourselves to vector bundles
on smooth projective curves. There are several significant consequences of these
results. One of them is Iitaka’s conjecture in some special cases. Iitaka’s conjecture
states that the subadditivity of Kodaira dimensions
κ(X) ≥ κ(Y ) + κ(Xη)
holds, where Xη is the geometric generic fiber of f (note that this conjecture follows
from a conjecture in the minimal model program [Kaw85]). Other consequences
include some moduli problems in [Kol90] and [Fuj12] (see also [Vie95]), where results
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of [Fuj78], [Kaw81], and [Kaw82] are generalized to the case when X is reducible
(see also [Kaw11], [FF14], and [FFS14]).
On the other hand, in positive characteristic, it is known that there are counter-
examples to the above results. For example, Moret-Bailly constructed a semi-stable
fibration g : S → P1 from a surface S to P1 such that g∗ωS/P1 is not nef [MB81].
For other examples, see [Ray78, Xie10] (or Remark 5.2 in this paper). Hence it is
natural to ask under what additional conditions analogous results hold in positive
characteristic. Kolla´r showed that f∗ω
m
X/Y is a nef vector bundle for each m ≥ 2
when X is a surface, Y is a curve, and the general fiber of f has only nodes as
singularities [Kol90, 4.3. Theorem]. Patakfalvi proved that f∗ω
m
X/Y is a nef vector
bundle for each m≫ 0 when Y is a curve, Xη has only normal F -pure singularities,
and ωX/Y is f -ample [Pat14, Theorem 1.1].
In this paper, we consider the weak positivity of f∗ω
m
X/Y in positive characteristic
under a condition on the canonical ring and the Frobenius stable canonical ring
of the geometric generic fiber. Recall that for a Gorenstein variety V , the canon-
ical ring of V is the section ring of the dualizing sheaf of V , and the Frobenius
stable canonical ring of V is its homogeneous ideal whose degree m subgroup is
S0(V,mKV ). S
0(V,mKV ) is the subspace of H
0(V,mKV ) defined by using the trace
map of the Frobenius morphism (see Definition 3.2 or [Sch14, §4]). These notions are
naturally extended to pairs (V,∆) consisted of Gorenstein varieties V and effective
Z(p)-Cartier divisors ∆ on V . We use this setting throughout this paper.
From now on we work over an algebraically closed field of characteristic p > 0.
The following theorem is a main result of this paper.
Theorem 1.1 (Theorem 5.1). Let f : X → Y be a separable surjective morphism
between smooth projective varieties, let ∆ be an effective Q-divisor on X such that
a∆ is integral for some integer a > 0 not divisible by p, and let η be the geometric
generic point of Y . Assume that
(i) the k(η)-algebra
⊕
m≥0H
0(Xη, m(aKXη + (a∆)η)) is finitely generated, and
(ii) there exists an integer m0 > 0 such that for each m ≥ m0,
S0(Xη,∆η, m(aKXη + (a∆)η)) = H
0(Xη, m(aKXη + (a∆)η)).
Then f∗OX(am(KX/Y +∆)) is weakly positive for each m ≥ m0.
Condition (ii) holds, for example, in the case where Xη is a curve of arithmetic
genus at least two which has only nodes as singularities, ∆ = 0, and m0 = 2
(Corollary 3.14), or in the case where the pair (Xη,∆η) has only F -pure singular-
ities, KXη + ∆η is ample, and m0 ≫ 0 (Example 3.11). Thus Theorem 1.1 is a
generalization of [Kol90, 4.3. Theorem] and [Pat14, Theorem 1.1].
Theorem 1.1 should be compared with another result of Patakfalvi [Pat13, The-
orem 6.4], which states that if S0(Xη, KXη) = H
0(Xη, KXη) then f∗ωX/Y is weakly
positive (see also [Jan08]). These two results imply that S0(Xη, mKXη) is closely
related to the positivity of f∗ω
m
X/Y for each m ≥ 1. In order to prove Theorem 1.1,
we generalize the method of the proof of [Pat13, Theorem 6.4] using a numerical
invariant introduced in Section 4.
When the relative dimension of f is one, we obtain the following theorem as a
corollary of Theorem 1.1.
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Theorem 1.2 (Corollary 5.4). Let f : X → Y be a separable surjective morphism
of relative dimension one between smooth projective varieties satisfying f∗OX ∼= OY ,
let ∆ be an effective Q-divisor on X such that a∆ is integral for some integer a > 0
not divisible by p, and let η be the geometric generic point of Y . If (Xη,∆η) is
F -pure and KXη + ∆η is ample, then f∗OX(am(KX/Y + ∆)) is weakly positive for
each m ≥ 2. In particular, if Xη is smooth curve of genus at least two, then f∗ω
m
X/Y
is weakly positive for each m ≥ 2.
Moreover, in the case where f : X → Y is a semi-stable fibration from a surface
to a curve, we discuss the ampleness of f∗ω
m
X/Y for each m ≥ 2 and the nefness of
f∗ωX/Y (Theorems 6.8 and 6.13).
When the relative dimension of f is two, we also obtain the following theorem as
a corollary of Theorem 1.1.
Theorem 1.3 (Corollary 5.5). Let f : X → Y be a separable surjective morphism
of relative dimension two between smooth projective varieties satisfying f∗OX ∼= OY .
If the geometric generic fiber is a smooth surface of general type and p ≥ 7, then
f∗ω
m
X/Y is weakly positive for each m≫ 0.
Similarly to the case of characteristic zero, we can use Theorem 1.1 to study
Iitaka’s conjecture. Before stating the next theorem, we recall the definition of
Iitaka-Kodaira dimension. Let D be a Cartier divisor on a projective variety V and
let m > 0 be an integer divisible enough. The Iitaka-Kodaira dimension κ(V,D)
of D is the dimension of the image of V under the rational map determined by a
linear system |mD| if it is not empty, otherwise κ(V,D) = −∞. This definition is
naturally generalized to the case where D is a Z(p)-Cartier (or Q-Cartier) divisor.
When V is smooth, the Kodaira dimension κ(V ) of V is defined as κ(V,KV ).
Theorem 1.4 (Theorems 7.2 and 7.6). Let f : X → Y be a separable surjective
morphism between smooth projective varieties satisfying f∗OX ∼= OY , let ∆ be an
effective Q-divisor on X such that a∆ is integral for some integer a > 0 not divisible
by p, and let η be the geometric generic point of Y . Assume that
(i) the k(η)-algebra
⊕
m≥0H
0(Xη, m(aKXη + (a∆)η)) is finitely generated,
(ii) there exists an integer m0 ≥ 0 such that
S0(Xη,∆η, m(aKXη + (a∆)η)) = H
0(Xη, m(aKXη + (a∆)η))
for each m ≥ m0, and
(iii) either that Y is of general type or Y is an elliptic curve.
Then
κ(X,KX +∆) ≥ κ(Y ) + κ(Xη, KXη +∆η).
As a special case of Theorem 1.4, we obtain the following result.
Theorem 1.5 (Corollary 7.8). Let f : X → Y be a separable surjective morphism
from a smooth projective variety X of dimension three to a smooth projective curve
Y satisfying f∗OX ∼= OY . If the geometric generic fiber Xη is a smooth projective
surface of general type and p ≥ 7, then
κ(X) ≥ κ(Y ) + κ(Xη).
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1.1. Notation. In this paper, we fix an algebraically closed field k of characteristic
p > 0. A k-scheme is a separated scheme of finite type over k. A variety means
an integral k-scheme and a curve (resp. surface) means a variety of dimension one
(resp. two). A projective surjective morphism f : X → Y between varieties is called
a fibration or a algebraic fiber space if it is separable and it satisfies f∗OX ∼= OY .
We fix the following notation:
• Let CDiv(S) be the group of the Cartier divisors on a scheme S. An Z(p)-
Cartier (resp. Q-Cartier) divisor on S is an element of CDiv(S) ⊗Z Z(p)
(resp. CDiv(S)⊗Z Q), where Z(p) is the localization of Z at the prime ideal
(p) = pZ;
• For a rational number δ, we denote its integral (resp. fractional) part by ⌊δ⌋
(resp. {δ}). For a Q-divisor ∆ =
∑
i δi∆i on a normal variety, we define
⌊∆⌋ :=
∑
i⌊δi⌋∆i (resp. {∆} :=
∑
i{δi}∆i);
• Let ϕ : S → T be a morphism of schemes and let T ′ be a T -scheme. Then we
denote the second projection ST ′ := S ×T T
′ → T ′ by ϕT ′. For a Cartier (or
Z(p)-Cartier, Q-Cartier) divisor D on S, the pullback of D to ST ′ is denoted
by DT ′ if it is well-defined. Similarly, for an OS-module homomorphism
α : F → G, the pullback of α to ST ′ is denoted by αT ′ : FT ′ → GT ′ ;
• For a scheme X of positive characteristic, FX : X → X is the absolute
Frobenius morphism. We often denote the source of F eX by X
e. Let f : X →
Y be a morphism between schemes of positive characteristic. We denote
the same morphism by f (e) : Xe → Y e when we regard X (resp. Y ) as Xe
(resp. Y e). We define the e-th relative Frobenius morphism of f to be the
morphism F
(e)
X/Y := (F
e
X , f
(e)) : Xe → X ×Y Y
e =: XY e.
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2. Preliminaries
2.1. AC divisors. Let X be a k-scheme of pure dimension satisfying S2 and G1.
An AC divisor (or almost Cartier divisor) on X is a coherent OX -submodule of
the sheaf of total quotient ring K(X) which is invertible in codimension one (see
[Kol+92], [Har94], or [MS12]). For any AC divisor D we denote the coherent sheaf
defining D by OX(D). The set of AC divisors WSh(X) has the structure of additive
group [Har94, Corollary 2.6]. A Z(p)-AC divisor is an element of WSh(X)⊗Z Z(p).
An AC divisor D is said to be effective if OX ⊆ OX(D), and a Z(p)-AC divisor
∆ is said to be effective if ∆ = D ⊗ r for some effective AC divisor D and some
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0 ≤ r ∈ Z(p). Now we have the following diagram:
WSh(X)
( )⊗1
//WSh(X)⊗Z Z(p)
CDiv(X)
( )⊗1
//
?
OO
CDiv(X)⊗Z Z(p)
?
OO
Note that the horizontal homomorphisms are not necessarily injective [Kol+92,
Page 172]. Throughout this paper, given an effective Z(p)-AC (resp. Z(p)-
Cartier) divisor ∆, we fix an effective AC (resp. Cartier) divisor E and
an integer a > 0 not divisible by p such that E ⊗ 1 = a∆. The choice of E
and a is often represented by ∆ = E/a. For every integer m, we regard the Z(p)-AC
divisor am∆ as the AC divisor mE. For instance, the symbol OX(am(D + ∆))
denotes the sheaf OX(amD +mE), for every AC divisor D.
We note that if X is a normal variety, then AC divisors are Weil divisors, and the
horizontal homomorphisms in the above diagram is injective. In this case we can
choose E and a canonically for an effective Z(p)-divisors ∆: a is the smallest positive
integer such that a∆ is integral and E := a∆.
We define notions similar to the above by using Q instead of Z(p).
2.2. Trace of Frobenius morphisms. In this subsection we introduce notations
related to trace maps of Frobenius morphisms.
Let π : X → Y be a finite surjective morphism between Gorenstein k-schemes of
pure dimension, and let ωX and ωY be dualizing sheaves of X and Y respectively.
We denote by Trpi : π∗ωX → ωY the morphism obtained by applying the functor
H omOY ( , ωY ) to the natural morphism π
# : OY → π∗OX . This is called the
trace map of π. Then we define
φ
(1)
X := TrFX ⊗OX(−KX) : FX∗OX((1− p)KX)→ OX , and
φ
(e+1)
X := φ
(e)
X ◦ F
e
X∗(φ
(1)
X ⊗OX((1− p
e)KX)) : F
e+1
X ∗OX((1− p
e+1)KX)→ OX
for each e > 0, where KX is a Cartier divisor satisfying OX(KX) ∼= ωX .
Let X be a Gorenstein k-scheme of pure dimension. Let ∆ = E/a be an effective
Z(p)-Cartier divisor on X and d > 0 be the smallest integer satisfying a|(p
d − 1).
For each e > 0 we define
L
(de)
(X,∆) := OX((1− p
de)(KX +∆)) ⊆ OX((1− p
de)KX),
φ
(d)
(X,∆) : F
d
X∗L
(d)
(X,∆) → F
d
X∗OX((1− p
d)KX)
φ
(d)
X−−→ OX , and
φ
(d(e+1))
(X,∆) := φ
(de)
(X,∆) ◦ F
de
X ∗(φ
(d)
(X,∆) ⊗L
(de)
(X,∆)) : F
d(e+1)
X ∗L
(d(e+1))
(X,∆) → OX .
Let X be a k-scheme of pure dimension satisfying S2 and G1. Let ∆ = E/a be
a Z(p)-AC divisor on X and d > 0 be the smallest integer satisfying a|(p
d − 1). Let
ι : U →֒ X be a Gorenstein open subset of X such that codimX \ U ≥ 2 and that
E|U is Cartier. Set ∆|U = E|U/a. Then for each e > 0 we define
L
(de)
(X,∆) := ι∗L
(de)
(U,∆|U )
and φ
(de)
(X,∆) := ι∗(φ
(de)
(U,∆|U )
) : F deX ∗L
(de)
(X,∆) → OX
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Note that φ
(de)
(X,∆) is a morphism between reflexive sheaves on X (cf. [Har94, Propo-
sition 1.11]).
Definition 2.1 ( [Smi00, 2.1. Definition], [SS10, Definition 3.1] or [MS12, Definition
2.6]). With the notation as above, the pair (X,∆) is said to be sharply F -pure (resp.
globally F -split) if φ
(e)
(X,∆) is surjective (resp. split as OX-module homomorphism)
for some e > 0 satisfying a|(pe− 1). We simply say that X is F -pure (resp. globally
F -split) if (X, 0) is F -pure (resp. globally F -split).
Remark 2.2. (1) (X,∆) is F -pure if and only if φ
(e)
(X,∆) is surjective for any e > 0
satisfying a|(pe− 1). Indeed, if φ
(e)
(X,∆) is surjective for an e > 0 with a|(p
e− 1), then
(φ
(e)
(X,∆) ⊗ L
(eg)
(X,∆))
∗∗ is also surjective for any g > 0, and so is φ
(e(g+1))
(X,∆) . Here ( )
∗∗
is the functor of the double dual. Let e′ > 0 be an integer with a|(pe
′
− 1). Then
φ
(e′)
(X,∆) is surjective, since φ
(ee′)
(X,∆) is surjective and factors through φ
(e′)
(X,∆).
(2) The F -purity of (X,∆) is independent of the choice of E and a satisfying ∆ =
E/a. Let E ′ be an effective AC divisor such that E ′ = a′∆ for an integer a′ > 0 not
divisible by p. Let g > 0 be an integer such that q := peg − 1 satisfies a|q, a′|q and
qa−1E = qa′−1E ′. Then we see that
φ
(eg)
(X,E/a)
∼= φ
(eg)
(X,qa−1E/q)
∼= φ
(eg)
(X,qa′−1E′/q)
∼= φ
(eg)
(X,E′/a′).
Thus φ
(e′)
(X,E′/a′) is surjective.
(3) A statement similar to (1) and (2) holds for the global F -splitting of (X,∆).
2.3. Trace of relative Frobenius morphisms. In this subsection, we introduce
notations related to trace maps of relative Frobenius morphisms. See [PSZ13] for
more details on trace maps of relative Frobenius morphisms.
Let f : X → Y be a morphism between Gorenstein k-schemes of pure dimension.
We assume that either FY is flat (i.e., Y is regular) or f is flat. Then FY or f is a
Gorenstein morphism, so XY 1 is a Gorenstein k-scheme [Har66, III, §9]. We define
the relative dualizing sheaf ωX/Y of f to be ωX ⊗ f
∗ω−1Y . Then we have
ωXY 1/Y 1 :=ωXY 1 ⊗ fY 1
∗ω−1Y 1
∼=ωXY 1 ⊗ fY 1
∗ωp−1Y 1 ⊗ fY 1
∗FY
∗ω−1Y
∼=(FY )X
!OX ⊗ (FY )X
∗ωX ⊗ (fY 1
∗FY
!OY )
−1 ⊗ (FY )X
∗f ∗ω−1Y
∼=(FY )X
∗ωX/Y = (ωX/Y )Y 1
by the assumption. Moreover, for positive integers d, e, we consider the following
commutative diagram:
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Xde

F
(d(e−i))
Xdi/Y di

F
(de)
X/Y

f(de)

...

. . .
F dX
##●
●
●
●
●
●
●
●
●
●
Xdi
Y de

F
(di)
X
Y d(e−i)
/Y d(e−i)
xx
f
(di)
Y de
uu
· · · // X2d
F dX
##●
●
●
●
●
●
●
●
●
●
●
●
F
(d)
Xd/Y d
...

· · · // Xd
Y 2d
//
F
(d)
X
Y d
/Y d

Xd
F dX
""❊
❊
❊
❊
❊
❊
❊
❊
❊
❊
❊
F
(d)
X/Y

XY de

· · · // XY 2d //
f
Y 2d

XY d
(F dY )X
//
f
Y d

X
f

Y de · · ·
F dY
// Y 2d
F dY
// Y d
F dY
// Y
Let KX/Y be a Cartier divisor on X satisfying OX(KX/Y ) ∼= ωX/Y . This is denoted
by KXe/Y e when we regard f as f
(e). Set KXe
Y g
/Y g := (KXe/Y e)Y g for each g ≥ e.
Then for each e > 0 we define
φ
(1)
X/Y := TrF (1)
X/Y
⊗OXY 1 (−KXY 1 ) : F
(1)
X/Y ∗
OX1((1− p)KX1/Y 1)→ OXY 1 , and
φ
(e+1)
X/Y :=
(
φ
(e)
X/Y
)
Y e+1
◦ F
(e)
XY 1/Y
1
∗
(
φ
(1)
Xe/Y e ⊗OXeY e+1
((1− pe)KXe
Y e+1
/Y e+1)
)
: F
(e+1)
X/Y ∗
OX((1− p
e+1)KXe+1/Y e+1)→ OXY e+1 .
Let ∆ = E/a be an effective Z(p)-AC divisor on X and d be the smallest positive
integer satisfying a|(pd − 1). For each e > 0 we define
L
(de)
(X,∆)/Y := OXde((1− p
de)(KXde/Y de +∆)) ⊆ OXde((1− p
de)KXde/Y de),
φ
(d)
(X,∆)/Y : F
(d)
X/Y ∗
L
(d)
(X,∆)/Y → F
(d)
X/Y ∗
OXd((1− p
d)KXd/Y d)
φ
(d)
X/Y
−−−→ OX
Y d
, and
φ
(d(e+1))
(X,∆)/Y :=
(
φ
(de)
(X,∆)/Y
)
Y d(e+1)
◦ F
(de)
X
Y d
/Y d∗
(
φ
(d)
(Xde,∆)/Y de
⊗
(
L
(de)
(X,∆)/Y
)
Y d(e+1)
)
: F
(d(e+1))
X/Y ∗
L
(d(e+1))
(X,∆)/Y → OXY d(e+1) .
Let f : X → Y be a morphism between k-schemes of pure dimension. Assume
that X satisfies S2 and G1, Y is Gorenstein, and f or FY is flat. Let ∆ = E/a be
an effective Z(p)-AC divisor on X and d be the smallest positive integer satisfying
a|(pd−1). Let ι : U →֒ X be a Gorenstein open subset ofX such that codimX\U ≥ 2
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and that E|U is Cartier. Set ∆|U = E|U/a. Then for each e > 0 we define
L
(de)
(X,∆)/Y := ιY de∗L
(de)
(U,∆|U )/Y
, and
φ
(de)
(X,∆)/Y := ιY de∗(φ
(de)
(U,∆|U )
/Y ) : F
(de)
X/Y ∗
L
(de)
(X,∆)/Y → OXY de .
3. Frobenius stable canonical ring
In this section, we introduce and study Frobenius stable canonical rings. After
definitions and basic properties, we study Frobenius stable canonical rings of vari-
eties with ample canonical bundles. Especially, we consider the case of Gorenstein
projective curves (Corollary 3.14). We also discuss the case of varieties with semi-
ample canonical bundles in any dimension (Corollary 3.18). To this end, we prove
Theorem 3.17 which is a kind of canonical bundle formula. As another application
of the theorem, we study Frobenius stable canonical rings of surfaces of general type
(Corollary 3.23).
Notation 3.1. Let X be a k-scheme of pure dimension satisfying S2 and G1, and let
∆ = E/a be an effective Z(p)-AC divisor. Set d > 0 be the smallest integer satisfying
a|(pd − 1).
Definition 3.2 ([Sch14, §3]). In the situation of Notation 3.1, let M be a reflexive
sheaf on X of rank one such that invertible in codimension one. Then we define
S0(X,∆,M) as
⋂
e>0
im
(
H0(X, ((F deX ∗L
(de)
(X,∆))⊗M)
∗∗)
H0(X,(φ
(de)
(X,∆)
⊗M)∗∗)
−−−−−−−−−−−−→ H0(X,M)
)
,
where φ
(de)
(X,∆) is the morphism defined in Subsection 2.2, and ( )
∗∗ :=
H om(H om( ,OX),OX) is the functor of the double dual. For any AC divisor D
on X , we denote S0(X,∆,OX(D)) by S
0(X,∆, D). Write S0(X,D) := S0(X, 0, D).
Remark 3.3. The above definition does not depend on the choice ofE and a satisfying
∆ = E/a. Indeed, if E ′ and a′ satisfy ∆ = E ′/a′, then by an argument similar to
Remark 2.2 (2) we have φ
(eg)
(X,E/a)
∼= φ
(eg)
(X,E′/a′) for every g > 0 divisible enough.
Example 3.4. In the situation of Notation 3.1, it is easily seen that the following
are equivalent:
(1) (X,∆) is globally F -split.
(2) S0(X,∆,OX) = H
0(X,OX).
(3) S0(X,∆, D) = H0(X,D) for every AC divisor D on X .
Definition 3.5 ([HP13, Section 4.1] or [PST14, Exercise 4.13]). In the situation of
Notation 3.1, let M be a reflexive sheaf on X of rank one such that invertible in
codimension one. Then we define
RS(X,∆,M) :=
⊕
n≥0
S0(X,∆, (M⊗n)∗∗) ⊆ R(X,M) :=
⊕
n≥0
H0(X, (M⊗n)∗∗).
For any AC divisor D, we denote R(X,OX(D)) and RS(X,∆,OX(D)) respectively
by R(X,D) and RS(X,∆, D). RS(X,∆, a(KX + ∆)) is called the Frobenius stable
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canonical ring, where KX is an AC divisor such that OX(KX) is isomorphic to the
dualizing sheaf ωX of X .
When D is a Q-Weil divisor on a normal variety X , we define
RS(X,∆, D) :=
⊕
n≥0
S0(X,∆, ⌊nD⌋) ⊆ R(X,D) :=
⊕
n≥0
H0(X, ⌊nD⌋).
Lemma 3.6 ([HP13, Lemma 4.1.1]). RS(X,∆, D) is an ideal of R(X,D).
Proof. This follows from an argument similar to the proof of [HP13, Lemma 4.1.1].

Notation 3.7. We denote by R/RS(X,∆, D) the quotient ring of R(X,D) modulo
RS(X,∆, D).
We recall that the assumption (ii) of the main theorem (Theorem 1.1): there
exists an m0 > 0 such that S
0(Xη,∆η, am(KXη + ∆η)) = H
0(Xη, am(KXη + ∆η))
for every m ≥ m0. This is equivalent to the condition that there exists an integer
m0 > 0 such that the degree m part of R/RS(Xη,∆η, a(KXη +∆η)) is zero for every
m ≥ m0. Note that the existence of such m0 is equivalent to the finiteness of the
dimension of k-vector space R/RS(Xη,∆η, a(KXη +∆η))
Definition 3.8. In the situation of Notation 3.1, assume that each connected com-
ponent ofX is integral. An AC divisor D is said to be finitely generated if R(X,D) is
a finitely generated k-algebra. A Z(p)-AC (resp. Q-AC) divisor Γ is said to be finitely
generated if there exists a finitely generated AC divisor D such that Γ = D ⊗ λ for
some 0 < λ ∈ Z(p) (resp. Q).
Lemma 3.9. Let R =
⊕
m≥0Rm be a graded ring. Assume that R is a domain and
R0 is a field.
(1) If the n-th Veronese subring R(n) :=
⊕
m≥0Rmn is a finitely generated R0-
algebra for some n > 0, then so is R.
(2) Let a ⊆ R be a nonzero homogeneous ideal, and suppose that R is a finitely
generated R0-algebra. If R
(n)/a(n) is a finite dimensional R0-vector space for
some n > 0, then so is R/a, where a(n) :=
⊕
m≥0 amn.
Proof. For the proof of (1) we refer the proof of [HK10, Lemma 5.68]. For (2),
let l > 0 be an integer divisible enough. Then there exists n0 > 0 such that
al+n ⊆ Rl+n = Rn · Rl = Rn · al ⊆ al+n for each n ≥ n0, and hence am = Rm for
each m≫ 0, which is our claim. 
As mentioned after Notation 3.7, the assumption (ii) of the main theorem
(Theorem 1.1) satisfied if and only if R/RS(Xη,∆η, a(KXη + ∆η)) is finite di-
mensional as k-vector space. This condition is equivalent to the condition that
R/RS(Xη,∆η, an(KXη +∆η)) is finite dimensional for an integer n > 0 by (2) of the
above lemma.
Definition 3.10. In the situation of Notation 3.1, we denote the kernel of φ
(de)
(X,∆) :
F deX ∗L
(de)
(X,∆) → OX by B
de
(X,∆) for every integer e > 0. When ∆ = 0, we denote B
e
(X,0)
by BeX .
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Example 3.11. In the situation of Notation 3.1, assume that X is projective, and
(pc − 1)(KX + ∆) is Cartier for some c > 0 divisible by d. Let H be an ample
Cartier divisor. We show that R/RS(X,∆, H) is finite dimensional if and only if
(X,∆) is F -pure. By the Fujita vanishing theorem, there is an m > 0 such that
H1(X,Bc(X,∆)(mH +N)) = 0 for every nef Cartier divisor N . We may assume that
mH − (KX + ∆) is nef. If (X,∆) is F -pure, or equivalently if φ
(c)
(X,∆) is surjective,
then so is the morphism H0(X, φ
(c)
(X,∆) ⊗ OX(mH + N)). Furthermore we see that
H0(X, φ
(ce)
(X,∆) ⊗ OX(mH + N)) is also surjective for each e > 0, because of the
definition of φ
(ce)
(X,∆) and the following isomorphisms(
F ceX ∗(φ
(c)
(X,∆) ⊗L
(ce)
(X,∆))
)
⊗OX(mH +N)
∼=F ceX ∗
(
φ
(c)
(X,∆) ⊗OX(mH + (p
ce − 1)(mH − (KX +∆)) + p
ceN)
)
.
This implies that S0(X,∆, mH+N) = H0(X,mH+N) and that R/RS(X,∆, H) is
finite dimensional. Conversely it is clear that if R/RS(X,∆, H) is finite dimensional,
then φ
(c)
(X,∆) is surjective, or equivalently, (X,∆) is F -pure.
The above example shows that if (Xη,∆η) is F -pure and KXη + ∆η is an ample
Z(p)-Cartier divisor, then the assumption (ii) (and (i)) of the main theorem (Theorem
1.1) holds. We next consider the value of such m0 in the case when Xη a curve.
Corollary 3.14 provides a value of such m0 effectively when KXη +∆η is ample.
Lemma 3.12. Let X be a Gorenstein projective curve, and let H be an ample
Cartier divisor such that H −KX is nef. Then for each integer e,m ≥ 1,
H1(X,BeX ⊗OX(KX +mH)) = 0.
Moreover if X is F -pure, then
S0(X,KX +mH) = H
0(X,KX +mH).
Proof. Clearly the second statement follows from the first and the long exact se-
quence of cohomology induced from the surjective morphism φ
(e)
(X,∆)⊗OX(KX+mH).
We prove the first statement. Let ν : C → X be the normalization. Then a com-
mutative diagram of varieties
C
F eC //
ν

C
ν

X
F eX
// X
induces a commutative diagram of OX -modules:
0 // ν∗B
e
C(KC)
//
α

ν∗F
e
C∗ωC
ν∗TrFe
C //
F eX∗Trν

ν∗ωC //
Trν

0
0 // BeX(KX)
// F eX∗ωX TrFe
X
// ωX
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Since each vertical morphism is an isomorphism on some dense open subset of X ,
the kernel and the cokernel of α are torsion OX -modules. Furthermore since B
e
C has
no torsion, we see that α is injective. For each m > 0, the following exact sequence
0→ (ν∗B
e
C(KC))(mH)
α⊗OX(mH)
−−−−−−−→ BeX(KX +mH)→ coker(α)→ 0,
induces a surjection
H1(C,BeC(KC +mν
∗H)) ∼= H1(X, (ν∗B
e
C(KC))(mH))։ H
1(X,BeX(KX +mH)).
Moreover, since ν∗H is ample and
ν∗H −KC = ν
∗(H −KX) + ν
∗KX −KC ∼ ν
∗(H −KX) + E
is nef, where E is effective divisor on C defined by the conductor ideal, we may
assume that X is smooth. Then we have H1(X,mpH) = H0(X,KX −mpH) = 0
for each m ≥ 1 by the Serre duality. For each m ≥ 1 there exists an exact sequence
0→ OX(mH)→ FX∗OX(mpH)→ B
1
X(KX +mH)→ 0
induced by Cartier operator, which shows that H1(X,B1X(KX + mH)) = 0. This
implies H0(X, φ
(1)
X ⊗OX(KX)) is surjective, and thus H
0(X, φ
(e)
X ⊗OX(KX +mH))
is also surjective for every e,m ≥ 1 because of the definition of φ
(e)
X . Hence the exact
sequence
0→ BeX(KX +mH)→ F
e
X∗OX(KX +mp
eH)
φ
(e)
X ⊗OX(KX+mH)−−−−−−−−−−−→ OX(KX +mH)→ 0
induces the following:
H1(X,BeX(KX +mH)) →֒ H
1(X,OX(KX +mp
eH)) ∼= H0(X,−mpeH) = 0.

Proposition 3.13. In the situation of Notation 3.1, let X be a projective curve, let
KX +∆ is nef and let H be a Cartier divisor. Assume either that (i) H+(a−1)KX
is ample and H + (a− 2)KX is nef, or that (ii) X ∼= P
1 and H is ample. Then for
each e > 0,
H1(X,Bde(X,∆) ⊗OX(a(KX +∆) +H)) = 0.
Moreover if (X,∆) is F -pure, then
S0(X,∆, a(KX +∆) +H) = H
0(X, a(KX +∆) +H).
Proof. Clearly the second statement follows from the first and the long exact se-
quence of cohomology induced from the surjective morphism φ
(e)
(X,∆)⊗OX(KX+mH).
We prove the first statement. Let E ′ be an effective Cartier divisor satisfying
OX(E
′) ⊆ OX(E) and ∆
′ := E ′/a. For each e > 0 there is a commutative dia-
gram
F deX ∗L
(de)
(X,∆)(p
de(a(KX +∆) +H))
φ
(de)
(X,∆)
⊗OX(a(KX+∆)+H)
//
OX(a(KX +∆) +H)
F deX ∗L
(de)
(X,∆)(p
de(a(KX +∆
′) +H))
φ
(de)
(X,∆′)
⊗OX(a(KX+∆
′)+H)
//
?
OO
OX(a(KX +∆
′) +H)
?
OO
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where the vertical morphisms are natural inclusion. This induces the injective mor-
phism
Bde(X,∆′)(a(KX +∆
′) +H)→ Bde(X,∆)(a(KX +∆) +H)
whose cokernel is a torsion OX -module. Hence it suffices to prove that
H1(X,Bde(X,∆)(a(KX + ∆
′) + H)) = 0. When (i) holds, we set E ′ = 0. By the
previous lemma we have H1(X,BdeX (aKX +H)) = 0. When (ii) holds, we may as-
sume a(KX + ∆
′) ∼ 0. Then it is easily seen that dimH1(X,Bde(X,∆′)) ≤ 1. Since
every vector bundle on P1 is isomorphic to a direct sum of line bundles, we have
H1(X,Bde(X,∆′)(H)) = 0. This completes the proof. 
The following corollary will be used to prove weak positivity theorem for fibrations
of relative dimension one (Corollary 5.4).
Corollary 3.14. In the situation of Notation 3.1, assume that X is a projective
curve and (X,∆) is F -pure. If KX + ∆ is ample (resp. KX is ample and a ≥ 2),
then for each m ≥ 2 (resp. m ≥ 1),
S0(X,∆, am(KX +∆)) = H
0(X, am(KX +∆)).
Proof. We note that a Gorenstein curve has nef dualizing sheaf unless it is isomorphic
to P1. Hence the statement follows from the above proposition. 
Remark 3.15. F -pure singularities of curves are completely classified [GW77]. For
example, nodes are F -pure singularities, but cusps are not.
We next study Frobenius stable canonical rings of varieties with semi-ample canon-
ical bundles in any dimension. For such varieties, Corollary 3.18 provides a criterion
of the finiteness of the dimension of R/RS in terms of the singularity of the canoni-
cal models. This is obtained as an application of Theorem 3.17, which is a kind of
canonical bundle formula.
In order to formulate the problem, we start with an observation of Iitaka fibrations.
Observation 3.16. Let X be a normal projective variety, and let ∆ be an effective
Z(p)-Weil divisor on X such that KX +∆ is a semi-ample Q-Cartier divisor. Let
f : X → Y := Proj R(X,KX +∆)
be the Iitaka fibration. Then there exists an ample Q-Cartier divisor H on Y
satisfying f ∗H ∼ KX + ∆. Let Y0 ⊆ Y be an open subset such that f0 := f |X0 :
X0 → Y0 is flat, where X0 := f
−1(Y0).
(I) Assume that RS(X,∆, KX + ∆) 6= 0. Then there exists an integer m > 0 such
that m∆ is integral and S0(X,∆, m(KX +∆)) 6= 0. This implies that
S0(X,∆, ((m− 1)pe
′
+ 1)(KX +∆)) 6= 0
for some e′ > 0 divisible enough. Since p ∤ (m− 1)pe
′
+1, there exists an e > 0 such
that S0(X,OX((p
e − 1)(KX + ∆))) 6= 0. We set R
′ := (1 − pe)(KX + ∆). Let η
be the generic point of Y . By the assumption, OX(−R
′)|Xη is a torsion line bundle
on Xη with nonzero global sections, and thus it is trivial. Hence OX(R
′)|Xη is also
trivial, and f∗OX(R
′) is a torsion free sheaf on Y of rank one. Then there exists an
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effective Weil divisor B supported on X \X0 such that f∗OX(R
′ +B) ∼= OY (S) for
some Weil divisor S on Y . We set R := R′ +B = (1− pe)(KX +∆) +B. Then
R = KX +∆+B − p
e(KX +∆) ∼Q KX +∆− p
ef ∗H.
Replacing e, we may assume that peH is Z(p)-Cartier, and thus there exists an integer
a > 0 not divisible by p such that a∆ is integral and H ′ := apeH is Cartier. Then
we have
aR ∼ a(KX +∆) + aB − f
∗H ′.
(II) In the situation of (I), after replacing e by its multiple, we assume that (pe −
1)(KX +∆) is base point free. Then we may take (p
e− 1)H as Cartier. In this case
we have OX(R
′) ∼= f ∗OY ((1 − p
e)H), and thus we may choose B = 0, R = R′ and
S = (1− pe)H by projection formula. In particular we have R ∼ f ∗S.
In a more general situation than the above, we prove the following theorem which
is a kind of canonical bundle formula (see [DS15, Theorem B] for a related result).
Theorem 3.17. Let f : X → Y be a fibration between normal varieties, let ∆ be an
effective Q-Weil divisor on X such that a∆ is integral for some integer a > 0 not
divisible by p, and let Y0 be a smooth open subset of Y such that codimY \ Y0 ≥ 2
and f0 := f |X0 : X0 → Y0 is flat, where X0 := f
−1(Y0). Further assume that the
following conditions:
(i) (Xη,∆η) is globally F -split where η is geometric generic point of Y .
(ii) There exists a Weil divisor R on X, such that f∗OX(R) ∼= OY (S) for some
Weil divisor S on Y and aR ∼ a(KX + ∆) + B − f
∗C for some effective
Weil divisor B supported on X \X0 and for some Cartier divisor C on Y .
Then, there exists an effective Q-Weil divisor ∆Y on Y , which satisfies the following
conditions:
(1) a′∆Y is integral for some integer a
′ > 0 divisible by a but not by p, and
OY (a
′(KY +∆Y − S)) ∼= OY (a
′a−1C) ∼= f∗OX(a
′(KX +∆+ a
−1B − R)).
(2) For every effective Weil divisor B′ supported on X \X0 and for every Cartier
divisor D on Y ,
S0(X,∆, B′ + f ∗D +R) ∼= S0(Y,∆Y , D + S).
(3) If f is a birational morphism, then ∆Y = f∗∆.
(4) Suppose that X0 is Gorenstein and R|X0 is Cartier. Let Γ be an effective
Cartier divisor on X0 defined by the image of the natural morphism
OX0(−R|X0)⊗ f0
∗(f0∗OX0(R|X0))→ OX0 ,
and let y be a point of Y0. Then the following conditions are equivalent:
(a) Supp ∆ does not contain any irreducible component of f−1(y), and
(Xy,∆y) is globally F -split, where y is the algebraic closure of y.
(b) y is not contained in f(Supp Γ) ∪ Supp ∆Y .
Note that if R is linearly equivalent to the pullback of a Cartier divisor on Y ,
then replacing C, we may assume that R = 0, S = 0 and Γ = 0.
For varieties with semi-ample canonical bundles, Corollary 3.18 provides a crite-
rion of the finiteness of the dimension of R/RS in terms of the singularity of the
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canonical models. As explained after Notation 3.7, the finiteness of R/RS is equiv-
alent to the assumption (ii) of the main theorem (Theorems 1.1 or 5.1). We remark
that for such varieties, the assumption (i) of the main theorem, that is the finitely
generation of canonical rings, is always satisfied.
Corollary 3.18. In the situation of Observation 3.16 (I),
(1) (Xη,∆η) is globally F -split, where η is the geometric generic point of Y . In
particular, f is separable.
(2) Let ∆Y be as in Theorem 3.17. In the situation of Observation 3.16 (II)
(i.e. l(KX + ∆) is Cartier for an integer l > 0 not divisible by p),
R/RS(X,∆, KX + ∆) is a finite dimensional k-vector space if and only if
(Y,∆Y ) is F -pure.
Before the proof of Theorem 3.17 and Corollary 3.18, we observe morphisms
induced by the push-forward of the trace map of the relative Frobenius morphism.
This observation will be also referred in the proof of Theorem 6.13.
Observation 3.19. Let f : X → Y be a projective morphism from a Gorenstein
variety X to a smooth variety Y . Let ∆ = E/a be an effective Z(p)-AC divisor on
X whose support does not contain any irreducible component of any fiber of f . Let
d be the smallest positive integer satisfying a|(pd − 1). Let e ≥ 0 be an integer.
(I) For every y ∈ Y , we have the following diagram:
(Xy)
de Xde
yde
//
F
(de)
Xy/y

Xde
F
(de)
X/Y

f(de)

Xyde //

XY de
f
Y de

yde // Y de
Let R be a Cartier divisor on X . We denote by θ(de) the morphism
fY de∗(φ
(de)
(X,∆)/Y ⊗OX(R)Y de) : f
(de)
∗L
(de)
(X,∆)/Y (p
deR)→ fY de∗OXY de (R)Y de .
Here we recall that L
(de)
(X,∆)/Y := OXde((1− p
de)(KXde/Y de +∆)).
(II) Let Y0 ⊆ Y be an open subset such that f0 := f |X0 : X0 → Y0 is flat, where
X0 := f
−1(Y0). Assume that y ∈ Y0 and that E|Y0 is Cartier. Since f0 is a Gorenstein
morphism, Xy is Gorenstein. Set ∆y = E|Xy/a. Then L
(de)
(X,∆)/Y |(Xy)de
∼= L
(de)
(Xy/y,∆y)
and we have the following diagram of k(yde)-vector spaces for every e > 0:
H0((Xy)
de,L
(de)
(Xy/y,∆y)
⊗OX(p
deR)|(Xy)de)
H0(X
yde
,φ
(de)
(Xy/y,∆y)
⊗OX(p
deR)|X
yde
)

(
f (de)∗L
(de)
(X,∆)/Y (p
deR)
)
⊗ k(yde)oo
θ(de)⊗k(yde)

H0(Xyde ,OX(R)|Xyde ) (fY de∗OX(R)Y de)⊗ k(y
de)oo
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(III) Let Y1 ⊆ Y0 be an open subset such that dimH
0(Xy,OX(R)|Xy) is a constant
function on Y1 with value h. If y ∈ Y1, then the horizontal morphisms in the above
diagram are isomorphisms by [Har77, Corllary12.9]. Hence for every e > 0 we have
dimk(y) im(H
0(Xy, φ
(de)
(Xy,∆y)
⊗OX(R)|Xy))
=dimk(yde) im(H
0(Xyde , φ
(de)
(Xy/y,∆y)
⊗OX(R)|X
yde
))
=dimk(yde) im(θ
(de) ⊗ k(yde))
=h− dimk(yde) coker
(
θ(de) ⊗ k(yde)
)
=h− dimk(yde)
(
coker(θ(de))
)
⊗ k(yde).
Here, the last equality follows from the right exactness of the tensor functor.
(IV) Assume that (pd − 1)(KX/Y +∆−R)|X1 ∼ f
∗
1C for some Cartier divisor C on
Y1, where X1 := f
−1(Y1) and f1 := f |X1 : X1 → Y1. Then
L
(de)
(Xy ,∆y)
⊗OXde(p
deR)|(Xy)de
∼= OXde(R)|(Xy)de
for every y ∈ Y1. Thus we can regard H
0(Xy, φ
(de)
(Xy,∆y)
⊗ OX(R)|Xy) as the e-th
iteration of the (p−d-linear) morphism
τ := H0(Xy, φ
(d)
(Xy,∆y)
⊗OX(R)|Xy) : H
0(Xy,OX(R)|Xy)→ H
0(Xy,OX(R)|Xy).
If e ≥ h, then im(τ e) = im(τh), and thus
im(H0(Xy, φ
(de)
(Xy,∆y)
⊗OX(R)|Xy)) = S
0(Xy,∆y,OX(R)|Xy).
Hence by (3), we see that
dimk(y) S
0(Xy,∆y,OX(R)|Xy) = h− dimk(yde)
(
coker(θ(de))
)
⊗ k(yde).
In particular, since the function dimk(yde)(coker(θ
(de))) ⊗ k(yde) on Y de is upper
semicontinuous, the function dimk(y) S
0(Xy,∆y,OX(R)|Xy) on Y1 is lower semicon-
tinuous.
Proof of Theorem 3.17. Let d > 0 be an integer such that a|(pd − 1).
Step1. We define ∆Y and we show that this is independent of the choice of d. We
first note that, for each e ≥ 0 there exist isomorphisms
f∗OX((1− p
de)(KX +∆) + p
deR)
∼=f∗OX((1− p
de)(KX +∆+ a
−1B − R) + (pde − 1)a−1B +R)
∼=OY ((1− p
de)a−1C)⊗ f∗OX((p
de − 1)a−1B +R)
∼=OY ((1− p
de)a−1C)⊗ f∗OX(R)
∼=OY ((1− p
de)a−1C + S).
Since Y is normal, to define ∆Y we may assume Y = Y0 and X is smooth. Then for
each e > 0 we have
f (de)∗ L
(de)
(X,∆)/Y (p
deR) ∼= OY de((1− p
de)(a−1C −KY de) + S) and
fY de∗OXdeY (RY de)
∼= F deY
∗
f∗OX(R) ∼= OY de(p
deS),
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thus
θ(de) := fY de∗φ
(de)
(X,∆)/Y ⊗OXY de (RY de) : f
(de)
∗ L
(de)
(X,∆)/Y (p
deR)→ fY de∗OXY de (RY de)
is a homomorphism between line bundles. By the assumption of the global F -
splitting of (Xη,∆η), we see that the left vertical morphism of the diagram in Ob-
servation 3.19 (II) (for y = η) is surjective, and hence by Observation 3.19 (III)
θ(de) is generically surjective for every e > 0. Thus θ(de) defines an effective Cartier
divisor E(de) on Y . Then for every e > 1 we have E(de) = pdE(d(e−1))+E(d), because
relations between morphisms
θ(de) :=fY de∗φ
(de)
(X,∆)/Y ⊗OXY de (RY de)
=fY de∗
(
φ
(d(e−1))
(X,∆)/Y ⊗OXY d(e−1) (RY d(e−1))
)
Y de
◦ f (d(e−1))Y de∗φ
(d)
(Xd(e−1),∆)/Y d(e−1)
⊗
(
L
(d(e−1))
(X,∆)/Y
)
Y de
(pd(e−1)RY de)
∼=(F dY
∗
θ(d(e−1))) ◦ (θ(d) ⊗OY de((p
d(e−1) − 1)(a−1C −KY de)))
implies that E(de) = (pd(e−1) + · · · + p + 1)E(d) = (pde − 1)(pd − 1)−1E(d) for every
e > 0. We define ∆Y := (p
d− 1)−1E(d), this is independent of the choice of d by the
above. Note that by this definition
f∗OX((p
d − 1)(KX/Y +∆− R)) ∼=OY ((p
d − 1)(a−1C −KY ))
∼=OY ((p
d − 1)(∆Y − S)),
which proves (1).
Step2. We show that for each e > 0 there exists a commutative diagram
F deY ∗L
(de)
(Y,∆Y )
(φ
(de)
(Y,∆Y )
⊗OY (S))
∗∗
//
∼=

OY (S)
∼=

f∗F
de
X ∗L
(de)
(X,∆)(p
deR)
ψ(de) // f∗OX(R)
where ψ(de) := f∗((φ
(de)
(X,∆) ⊗ OX(R))
∗∗). It is clear that each object of the above
diagram is a reflexive sheaf, so we may assume that Y = Y0 and X is smooth. Since
F dX = (F
d
Y )X ◦ F
(d)
X/Y , we have
φ
(d)
(X,∆) ⊗OX(R) :=TrF dX ⊗ ω
−1
X (R)
∼=
(
Tr(F dY )X ◦ (F
d
Y )X∗TrF (d)
X/Y
)
⊗ ω−1X (R)
∼=
(
((f ∗TrFY )⊗ ωX/Y ) ◦ (F
d
Y )X∗TrF (d)
X/Y
)
⊗ ω−1X (R)
∼=(f ∗φ
(d)
Y ⊗OX(R)) ◦ (F
d
Y )X∗
(
φ
(d)
(X,∆)/Y ⊗ f
∗
Y dω
1−pd
Y d
(RY d)
)
.
We note that φ
(d)
Y is a morphism between vector bundles on Y , thus ψ
(d) is decom-
posed into
ψ(d) ∼=(φ
(d)
Y ⊗OY (S)) ◦ F
d
Y ∗(θ
(d) ⊗ ω1−p
d
Y d
).
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On the other hand, by the definition of ∆Y , there exists a commutative diagram
OY ((1− p
d)∆Y + p
dS) //
∼=

OY d(p
dS)
∼=

f (d)∗L
(d)
(X,∆)/Y (p
dR)
θ(d) // fY d∗OXY d (RY d).
Applying the functor F dY ∗(( )⊗ ω
1−pd
Y ) to this diagram, we have the following:
(F dY ∗OY ((1− p
d)(KY +∆Y )))⊗OY (S) //
∼=

(F dY ∗ω
1−pd
Y )⊗OY (S)
∼=

F dY ∗f
(d)
∗L
(d)
(X,∆)(p
dR)
F dY ∗(θ
(d)⊗ω1−p
d
Y ) // (F dY ∗ω
1−pd
Y )⊗ f∗OX(R).
Hence by the decomposition of ψ(d) and the definition of φ
(d)
(Y,∆Y )
, the claim is proved
in the case when e = 1. Furthermore, for each e > 0 we have
ψ(d(e+1)) ∼=(f∗(φ
(de)
(X,∆) ⊗OX(R))) ◦ f∗F
de
X ∗(φ
(d)
(Xde,∆)
⊗L
(de)
(X,∆)(p
deR))
∼=ψ(de) ◦ F deY ∗f
(de)
∗(φ
(d)
(Xde,∆)
⊗OXde(R + (1− p
de)(KXde +∆− R)))
∼=φ
(de)
(Y,∆Y )
⊗OY (S) ◦ F
de
Y ∗(φ
(d)
(Y de,∆Y )
⊗OY de(S + (1− p
de)a−1C))
∼=φ
(de)
(Y,∆Y )
⊗OY (S) ◦ F
de
Y ∗(φ
(d)
(Y de,∆Y )
⊗OY de((1− p
de)(KY +∆Y ) + p
deS))
∼=φ
(de)
(Y,∆Y )
⊗OY (S) ◦ F
de
Y ∗(φ
(d)
(Y de,∆Y )
⊗ L
(de)
(Y,∆Y )
(pdeS)) ∼= φ
(d(e+1))
(Y,∆Y )
⊗OY (S).
This is our claim.
Step3. We prove statements (2)-(4). (3) is obvious. We show (2). By the definition
of φ
(d)
(X,∆), we may assume that X is smooth. Then there is a commutative diagram
(F deY ∗f
(de)
∗L
(de)
(X,∆)(p
deR))(D)
ψ(de)⊗OY (D) //
∼=

(f∗OX(R))(D)
∼=

F deY ∗f
(de)
∗L
(de)
(X,∆)(p
de(f ∗D +R))
f∗(φ
(de)
(X,∆)
⊗OY (f
∗D+R))
//
∼=

f∗OX(f
∗D +R)
∼=

F deY ∗f
(de)
∗L
(de)
(X,∆)(p
de(f ∗D +B′ +R))
f∗(φ
(de)
(X,∆)
⊗OX(f
∗D+B′+R))
// f∗OX(f
∗D +B′ +R).
Thus by Step2,
H0(X, φ
(de)
(X,∆) ⊗OX(f
∗D +B′ +R)) ∼=H0(Y, f∗(φ
(de)
(X,∆) ⊗OX(f
∗D +B′ +R)))
∼=H0(Y, (φ
(de)
(Y,∆Y )
⊗ (D + S))∗∗),
which implies (2). For (4), we may assume that Y = Y0. Then, since f∗OX(R)
is a line bundle, we only need to show that the case when f∗OX(R) ∼= OY and
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R = Γ ≥ 0. In this case, since R and (pd − 1)(KX +∆) are Cartier, and since f is
flat projective, we have H0(Xy,OX(R)|Xy) 6= 0 and
H0(Xy,OX((1− p
d)R)|Xy) = H
0(Xy,OXy((1− p
d)(KXy +∆y))) 6= 0
for every y ∈ Y by assumptions and upper semicontinuity [Har77, Theorem 12.8]. In
particular, if Xy is reduced then OX(R)|Xy
∼= OXy , because every nonzero endomor-
phism of a line bundle on a connected reduced projective scheme over a field is an
isomorphism. Hence the isomorphism OY ∼= f∗OX(R) shows that the support of R is
contained a union of nonreduced fibers. Set Y1 := {y ∈ Y |H
0(Xy,OX(R)y) ∼= k(y)}.
Then we have
Supp ∆Y |Y1 = Supp coker(θ
(d))|Y1 ={y ∈ Y1|S
0(Xy,∆y,OX(R)|Xy) = 0},
where the first (resp. the second) equality follows from the definition of ∆Y (resp.
Observation 3.19 (IV)). Now we prove (a)⇒(b). In the situation of (a)Xy is reduced,
and so y ∈ Y \ f(Supp R). We recall Example 3.4, which shows that the global F -
splitting of (Xy,∆y) is equivalent to the equality S
0(Xy,∆y,OXy) = H
0(Xy,OXy).
Thus it is enough to show that y ∈ Y1. Let {y} be the closure in Y of the set {y}
with the reduced induced subscheme structure. Let Y ′ be a smooth open subset of
{y} such that RY ′ = 0 and that Supp ∆ does not contain any irreducible component
of any fiber over Y ′. Then for a general closed point y′ ∈ Y ′,
dimk S
0(Xy′ ,∆y′,OXy′ ) = dimk(y) S
0(Xy,∆y′ ,OXy)
= dimk(y)H
0(Xy,OXy) = dimkH
0(Xy′,OXy′ ),
where the first (resp. the third) equality follows from lower semicontinuity proved
in Observation 3.19 (IV) (resp. upper semicontinuity). Thus (Xy′,∆y′) is globally
F -split, and in particular Xy′ is reduced. Since k is algebraically closed, we have
H0(Xy′ ,OXy′ )
∼= k, and hence H0(Xy,OXy)
∼= k(y), or equivalently, y ∈ Y1. To
prove (b)⇒(a), we replace Y by its affine open subset contained in Y \ (Supp ∆Y ∪
f(Supp R)). Then the surjectivity of θ(d) shows that φ
(d)
(X,∆)/Y : F
(d)
X/Y ∗
L
(d)
(X,∆)/Y →
OX
Y d
is split, and thus so is φ
(d)
(X,∆)/Y |Xyd : F
(d)
Xy/y∗
(L
(d)
(X,∆)/Y |(Xy)d) → OXyd . This
means that ∆ does not contain any irreducible component of f−1(y), so ∆y is well-
defined, and we have φ
(d)
(X,∆)/Y |Xyd
∼= φ
(d)
(Xy ,∆y)/y
, which completes the proof. 
Proof of Corollary 3.18. We use the notation of Observation 3.16. Let l > 0 be
an integer such that l(KX + ∆) is Cartier and base point free. We replace Y by
its smooth locus Ysm, and X by the smooth locus of f
−1(Ysm). As in the proof of
Theorem 3.17, we set
ψ(e) := f∗(φ
(e)
(X,∆) ⊗OX(R)) and θ
(e) := fY e∗(φ
(e)
(X,∆)/Y ⊗OX(R)Y e)
for every e > 0 divisible enough. Since S0(X,∆, (pd − 1)(KX +∆)) 6= 0, we have
0 6=S0(X,∆, (l − 1)(pd − 1)(KX +∆))
→֒S0(X,∆, (l − 1)(pd − 1)(KX +∆) +B) = S
0(X,∆, f ∗l(pd − 1)H +R).
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This implies the morphism
f∗(φ
(e)
(X,∆) ⊗OX(f
∗l(pd − 1)H +R)) ∼= ψ(e) ⊗OY (l(p
d − 1)H)
is nonzero for an e > 0 divisible enough, where the isomorphism follows from pro-
jection formula. Hence ψ(e) is also nonzero. By an argument similar to Step2, we
can factor ψ(e) into (φ
(e)
Y ⊗ OY (S)) ◦ F
e
Y ∗(θ
(e) ⊗ ω1−p
e
Y ), and hence θ
(e) is nonzero.
Thus θ(e)⊗k(η) ∼= H0(Xη, φ
(e)
(Xη/η,∆η)
) is nonzero, or equivalently, (Xη,∆η) is globally
F -split. In particular Xη is reduced, and this means that f is separable. We show
(2). First note that R/RS(X,∆, KX + ∆) is finite dimensional if and only if so is
R/RS(X,∆, l(KX + ∆)) by Lemma 3.9. Let m ≥ 0 be an integer with l|m. Then
we have H0(X, lm(KX +∆)) ∼= H
0(Y, lm(KY +∆)). Furthermore, by Theorem 3.17
(2), we have
S0(X,∆, m(KX +∆)) = S
0(X,∆, f ∗(mH − S) +R)
= S0(Y,∆Y , mH − S + S) = S
0(Y,∆Y , mH).
Thus R/RS(X,∆, l(KX +∆)) ∼= R/RS(Y,∆Y , lH). By Example 3.11, this k-vector
space is finite dimensional if and only if (Y,∆Y ) is F -pure, which is our claim. 
Example 3.20. Let f : X → Y be a relatively minimal elliptic fibration. In other
words, let f be a generically smooth fibration from a smooth projective surface
X to a smooth projective curve Y , whose fibers have arithmetic genus one and
do not contain (−1)-curves of X . Then by the canonical bundle formula [BM77,
Theorem 2], we have
KX ∼ f
∗D +
r∑
i=1
liFi,
where D is a divisor on Y , miFi = Xyi is a multiple fiber with the multiplicity mi,
and 0 ≤ li < mi. Let m be the least common multiple of m1, . . . , mr, and let a, e ≥ 0
be integers such that m = ape and p ∤ a. We set
R :=
r∑
i−1
{
(1− pd)li
mi
}
miFi
for some d ≥ e satisfying a|(pd − 1). Here, recall that for every s ∈ Q, {s} is the
fractional part s− ⌊s⌋ of s. It is easily seen that f∗OX(R) ∼= OY and
aKX − aR ∼af
∗D + a
r∑
i=1
liFi − a
r∑
i=1
(1− pd)liFi + a
r∑
i=1
⌊
(1− pd)li
mi
⌋miFi
=f ∗(aD +
r∑
i=1
(
alip
d
mi
+ a⌊
(1 − pd)li
mi
⌋)yi).
Thus, a and R satisfy condition (ii) of Theorem 3.17. Furthermore, assume that
the geometric generic fiber of f is globally F -split, or equivalently, is an elliptic
curve with nonzero Hasse invariant. Then by Theorem 3.17 there exists an effective
Z(p)-divisor ∆Y on Y such that
S0(X, f ∗D′ +R) = S0(Y,∆Y , D
′)
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for every divisor D′ on Y , and y1, . . . , yr ∈ f(R) ∪ ∆Y . Remark that if p ∤ mi for
each i, then mi|(p
d − 1), and so R = 0.
Finally, applying Theorem 3.17, we show that for a smooth projective surface X
of general type, R/RS(X,KX) is finite dimensional (Corollary 3.23).
Corollary 3.21. Let f : X → Y be a birational morphism between normal projective
varieties, let ∆ be an effective Q-Weil divisor on X, and let ∆Y := f∗∆. Assume that
a(KY +∆Y ) is Cartier for some a > 0 not divisible by p and (Y,∆Y ) is canonical.
Then for each m > 0,
S0(Y,∆Y , am(KY +∆Y )) ∼= S
0(X,∆, am(KX +∆)).
Proof. Since (Y,∆Y ) is canonical, R := a(KX+∆)−f
∗a(KY+∆Y ) is an effective Weil
divisor on X supported on the exceptional locus of f . Note that f∗OX(R) ∼= OY .
We set B := (a− 1)R and B′m := (m− 1)R for each m ≥ 1. Then we have
aR = R + (a− 1)R = a(KX +∆)− f
∗a(KY +∆Y ) +B.
Thus, by Theorem 3.17, we have
S0(Y,∆Y , am(KY +∆Y )) ∼= S
0(X,∆, B′m + f
∗am(KY +∆Y ) +R)
∼= S0(X,∆, am(KX +∆)).

Corollary 3.22 ([PST14, Excercise 5.15]). Let ϕ : Y 99K Y ′ be a birational map
between normal projective varieties, let ∆ be an effective Q-Weil divisor on Y , and
let ∆′ := ϕ∗∆. Assume that a(KY +∆) and a(KY ′ +∆
′) are Cartier for some a > 0
not divisible by p, and that (Y,∆) and (Y ′,∆′) are canonical. Then, for each m > 0,
S0(Y,∆, am(KY +∆)) ∼= S
0(KY ′ ,∆
′, am(KY ′ +∆
′)).
Proof. This follows directly from Corollary 3.21. 
The following corollary will be used to prove weak positivity theorem when geo-
metric generic fibers are normal projective surfaces of general type with rational
double point singularities (Corollary 5.5). Recall that the finiteness of the dimen-
sion of R/RS is equivalent to the assumption (ii) of the main theorem (Theorems
1.1 or 5.1).
Corollary 3.23. Let X be a normal projective surface of general type with rational
double point singularities. If p ≥ 7, then R/RS(X,KX) is a finite dimensional vector
space.
Proof. By Corollary 3.22, we may assume that X is a smooth projective surface
of general type which has no (−1)-curve. Then for each n ≫ 0, nKX is base
point free, and Y := Proj R(X,KX) has only rational double point singularities
[Baˇd01, Theorem 9.1]. When p ≥ 7, Y is F -pure, because of the classification of
rational double points [Art77, Section 3], and of Fedder’s criterion [Fed83]. Hence
the statement follows from Corollary 3.18. 
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4. Weak positivity and numerical invariant
In this section, we define an invariant of coherent sheaves on normal varieties
which measures positivity. This will play an important role in the proof of the main
theorem.
We first recall some definitions.
Definition 4.1. A coherent sheaf G on a variety Y is said to be generically globally
generated if the natural morphism H0(Y,G)⊗k OY → G is surjective on the generic
point of Y.
Viehweg introduced the notion of weak positivity as a generalization of nefness of
vector bundles.
Definition 4.2 ([Kol87, Notation, (vii)]). A coherent sheaf G on a normal projective
variety Y is said to be weakly positive if for every ample divisor H and for each
α > 0 there exist some β > 0 such that (SαβG)∗∗ ⊗ OY (βH) is generically globally
generated. Here (SαβG)∗∗ is the double dual of the αβ-th symmetric product of G.
Remark 4.3. (1) The above definition is independent of the choice of H (e.g.,[Vie95,
Lemma 2.14]).
(2) G is weakly positive if and only if its double dual G∗∗ is weakly positive.
(3) Assume that G is a vector bundle on a smooth projective curve. Then G is
weakly positive if and only if it is nef.
Definition 4.4. Let Y be a normal variety, let G be a coherent sheaf, and let H be
an ample Cartier divisor. Then we define
T (Y,G, H) :=


there exists an integer e > 0 such that

ε ∈ Q peε ∈ Z and (F eY ∗G)(−peεH) isgenerically globally generated. ,
t(Y,G, H) := supT (Y,G, H) ∈ R ∪ {∞}.
Lemma 4.5. Let Y,G, H be as in Definition 4.4, and let F be a coherent sheaf.
(1) If there exists a generically surjective morphism F → G, then t(Y,F , H) ≤
t(Y,G, H).
(2) t(Y,F , H) + t(Y,G, H) ≤ t(Y,F ⊗ G, H).
(3) For each e > 0, t(Y, F eY
∗G, H) = pet(Y,G, H).
Proof. This follows directly from the definition. 
Proposition 4.6. Let Y be a normal projective variety of dimension n, let G and
H be as in Definition 4.4, and let ∆ be an effective Q-Weil divisor on Y such that
KY +∆ is Q-Cartier. Set t := t(Y0,G|Y0, H|Y0) for an open subset Y0 ⊆ Y satisfying
codim(Y \ Yo) ≥ 2. If D is a Cartier divisor such that D− (KY +∆)− nA+ tH is
ample for some base point free ample divisor A, then G∗∗(D) is generically globally
generated.
Proof. Since t(Y0,G|Y0, H|Y0) is the supremum, there exists an ε ∈ T (Y0,G|Y0, H|Y0)
such that B := D−(KY +∆)−nA+εH is ample. We fix such an ε. By the definition,
peε ∈ Z and there is a generically surjective morphism
⊕
OY → (F
e
Y
∗G)∗∗(−peεH)
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for every e ≫ 0. Let l > 0 be an integer such that l(KY + ∆) is Cartier and
lε ∈ Z. For every e ≥ 0, we denote by qe and re respectively the quotient and
the remainder of the division of pe − 1 by l. Hence we have following generically
surjective morphisms⊕
F eY ∗OY (qel(B + nA) + (re + 1)(D −KY + εH) +KY )
∼=F eY ∗
⊕
OY (qel(B + nA) + (re + 1)(D −KY + εH) +KY )
→F eY ∗((F
e
Y
∗G)∗∗ ⊗OY (qel(B + nA− εH) + (re + 1)(D −KY ) +KY ))
=F eY ∗((F
e
Y
∗G)∗∗ ⊗OY (−qel∆+ p
e(D −KY ) +KY ))
∼= (G∗∗(D)⊗ F eY ∗OY ((1− p
e)KY − qel∆))
∗∗
→ (G∗∗(D)⊗ F eY ∗OY ((1− p
e)KY ))
∗∗
→G∗∗(D),
where the isomorphism in the fifth line is induced by the projection formula, and
the last morphism is induced by φ
(e)
Y . Therefore, it is sufficient to show that
F eY ∗OY (qel(B + nA) + (re + 1)(D −KY + εH) +KY )
is globally generated for each e ≫ 0. Since 0 ≤ re < l, by the Serre vanishing
theorem, we have
H i(Y,OY (−iA)⊗ F
e
Y ∗OY (qel(B + nA) + (re + 1)(D −KY + εH) +KY ))
∼=H i(Y, F eY ∗OY (qel(B + (n− i)A) + (re + 1)(D −KY + εH − iA) +KY ) = 0
for each i > 0 and e ≫ 0. Hence our claim follows from the Castelnuovo-Mumford
regularity ([Laz04, Theorem 1.8.5]). 
Proposition 4.7. Let Y be a normal projective variety, let G be a coherent sheaf,
and let H be an ample divisor. If t(Y0,G|Y0, H|Y0) ≥ 0 for some open subset Y0 ⊆ Y
satisfying codim(Y \ Y0) ≥ 2, then G is weakly positive.
Proof. By the hypothesis and Lemma 4.5, we have
t(Y0, (S
αG)∗∗|Y0, H|Y0) ≥ t(Y0,G
⊗α|Y0, H|Y0) ≥ αt(Y0,G|Y0, H|Y0) ≥ 0
for every α > 0. Applying the previous proposition, we obtain an ample Cartier
divisor D such that (SαG)∗∗(D) is generically globally generated for every α > 0,
which is our claim. 
The following proposition will be used in Section 6.
Proposition 4.8. Let Y be a smooth projective curve, let G be a vector bundle on
Y , and let H be an ample divisor on Y . If t(Y,G, H) ≥ 0, then G is nef. Moreover,
if t(Y,G, H) > 0, then G is ample.
Proof. The first statement follows directly from Proposition 4.7 and Remark 4.3. We
prove the second statement. By the hypothesis, (F eY
∗G)(−H) is generically globally
generated for some e > 0, so it is a nef vector bundle since Y is a curve. This means
that F eY
∗G is an ample vector bundle, hence so is G. 
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5. Main theorem
In this section, we prove the main theorem (Theorem 5.1). As applications of
the theorem, we prove weak positivity theorem for certain surjective morphisms of
relative dimension zero, one and two (Corollaries 5.3, 5.4 and 5.5 respectively).
Theorem 5.1. Let f : X → Y be a separable surjective morphism between normal
projective varieties, let ∆ be an effective Q-Weil divisor on X such that a∆ is integral
for some integer a > 0 not divisible by p, and let η be the geometric generic point of
Y . Let H be an ample Cartier divisor on Y . Assume that
(i) KXη +∆η is finitely generated in the sense of Definition 3.8, and
(ii) there exists an integer m0 > 0 such that
S0(Xη,∆η, am(KXη +∆)η) = H
0(Xη, am(KXη +∆)η)
for each m ≥ m0.
Then f∗OX(am(KX +∆))⊗ ω
−am
Y is a weakly positive sheaf for every m ≥ m0.
Proof. We first note that Xη is a k(η)-scheme of pure dimension satisfying S2 and
G1, and that each connected component of Xη is integral by the Stein factorization
and separability of K(X)/K(Y ). Let d > 0 be an integer satisfying a|(pd − 1).
Step1. In this step we reduce to the case where X and Y are smooth. Let H
be an ample Cartier divisor on Y . By Proposition 4.7, it suffice to prove that
t(Y0, (f∗OX(am(KX + ∆)))|Y0 ⊗ ω
−am
Y0
, H|Y0) ≥ 0 for each m ≥ m0, where Y0 ⊆ Y
is an open subset satisfying codim(Y \ Y0) ≥ 2. Hence, replacing X and Y by
their smooth loci, we may assume that f is a dominant morphism between smooth
varieties (the projectivity of f may be lost, but we will not use it).
We set t(m) := t(Y, f∗OX(am(KX/Y +∆)), H) for each m > 0.
Step2. We show that there exist integers l, n0 > m0 such that t(l) + t(n) ≤ t(l+n)
for each n ≥ n0. By the hypothesis (i) and Lemma 3.9, R(Xη, a(KXη + ∆)η) is a
finitely generated k(η)-algebra. Hence for every l > m0 divisible enough there exists
an n0 > m0 such that the natural morphism
H0(Xη, al(KXη +∆)η)⊗H
0(Xη, an(KXη +∆)η)→ H
0(Xη, a(l + n)(KXη +∆)η)
is surjective. This shows that the natural morphism
f∗OX(al(KX/Y +∆))⊗ f∗OX(an(KX/Y +∆))→ f∗OX(a(l + n)(KX/Y +∆))
is generically surjective, thus we have t(l) + t(n) ≤ t(l + n) by Lemma 4.5.
Step3. We show that t(mpde − a−1(pde − 1)) ≤ pdet(m) for each e > 0 and for each
m ≥ m0. By the hypothesis (ii) and Observation 3.19 (III), there exist generically
surjective morphisms
f (de)∗OXde(((am− 1)p
de + 1)(KXde/Y de +∆))
α
−→fY de∗OXY de (am(KXY de/Y de +∆Y de))
∼=F deY
∗
f∗OX(am(KX/Y +∆)),
where α := fY de∗(φ
(de)
(X,∆)/Y ⊗ OXY de (am(KXY de/Y de + ∆Y de))), and the isomorphism
follows from the flatness of FY . Hence by Lemma 4.5, we have
t(mpde − a−1(pde − 1)) ≤ t(Y, F deY
∗
f∗(ω
am
X/Y (am∆)), H) = p
det(m).
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Step4. We prove the theorem. Set m ≥ m0. If am = 1, then t(1) ≤ p
dt(1) by
Step3, which gives t(1) ≥ 0. Thus we may assume am0 ≥ 2. Let qm,e be the quotient
of mpde − a−1(pde − 1)− n0 by l and let rm,e be the remainder for e ≫ 0. We note
that qm,e > 0 since m ≥ m0 ≥ 2a
−1 > a−1, and that pde − ql,e
e→∞
−−−→ ∞. Then
qm,et(l) + t(rm,e + n0)
Step2
≤ t(mpde − a−1(pde − 1))
Step3
≤ pdet(m),
and so c := min{t(r + n0)|0 ≤ r < l} ≤ p
det(m)− qm,et(l). By substituting l for m,
we have c ≤ (pde− ql,e)t(l) for each e≫ 0, which means t(l) ≥ 0. Hence c ≤ p
det(m)
for each e≫ 0, and consequently t(m) ≥ 0. This completes the proof. 
Remark 5.2. There exists a fibration g : S → C from a smooth projective sur-
face S to a smooth projective curve C such that g∗ω
m
S/C is not nef for any m > 0
[Ray78][Xie10, Theorem 3.6]. This fibration does not satisfy condition (ii) of Theo-
rem 5.1. Indeed, the geometric generic fiber of g is a Gorenstein curve which has a
cusp, hence by [GW77] it is not F -pure. Since the dualizing sheaf of a Gorenstein
curve not isomorphic to P1 is trivial or ample, the claim follows from Examples 3.4
and 3.11.
Corollary 5.3. Let f : X → Y be a surjective morphism between normal projective
varieties, let ∆ be an effective Q-Weil divisor on X, and let a > 0 be an integer
such that a∆ is integral. If f is separable and generically finite, then f∗OX(a(KX +
∆))⊗ ω−aY is weakly positive.
Proof. Since f is generically finite, the natural morphism
f∗OX(aKX)⊗ ω
−a
Y → f∗OX(a(KX +∆))⊗ ω
−a
Y
is an isomorphism at the generic point of Y . Thus it is enough to show the case of
∆ = 0. Since the geometric generic fiber Xη is a reduced k(η)-scheme of dimension
zero, the assertion follows directly from Theorem 5.1. 
Corollary 5.4. Let f : X → Y be a separable surjective morphism of relative
dimension one between normal projective varieties, let ∆ be an effective Q-Weil
divisor on X, and let a > 0 be an integer not divisible by p such that a∆ is integral.
Assume that (Xη,∆η) is F -pure, where η is the geometric generic point of Y . If
KXη+∆η is ample (resp. KXη is ample and a ≥ 2), then f∗OX(am(KX+∆))⊗ω
−am
Y
is weakly positive for each m ≥ 2 (resp. m ≥ 1). In particular, if every connected
component of Xη is a smooth curve of genus at least two, then f∗ω
m
X ⊗ω
−m
Y is weakly
positive for each m ≥ 2.
Proof. Let U ⊆ X be a Gorenstein open subset such that codim(X \ U) ≥ 2 and
that a∆|U is Cartier. Since dim(X \ U) ≤ dimX − 2 = dimY − 1, X \ U does not
dominate Y . Thus there exists an open subset Y0 ⊆ Y such that f |X0 : X0 → Y0 is a
Gorenstein morphism and that a∆|X0 is Cartier, where X0 := f
−1(Y0). In particular,
Xη is Gorenstein and (a∆)η is Cartier. Thus the statement follows directly from
Corollary 3.14 and Theorem 5.1. 
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Corollary 5.5. Let f : X → Y be a separable surjective morphism of relative
dimension two between normal projective varieties. Assume that every connected
component of geometric generic fiber is a normal surface of general type with rational
double point singularities, and p ≥ 7. Then f∗ω
m
X ⊗ ω
−m
Y is weakly positive sheaf for
each m≫ 0.
Proof. We note that in this case KXη is finitely generated (cf. [Baˇd01, Corol-
lary 9.10]). This follows from Corollary 3.23 and Theorem 5.1. 
6. Semi-stable fibration
In this section, we discuss the weak positivity theorem in the case of a semi-stable
fibration. We begin by recalling some definitions.
Definition 6.1. A projective k-scheme C of dimension one is said to be minimally
semi-stable if:
• it is reduced and connected,
• all the singular points are ordinary double point, and
• each irreducible component which is isomorphic to P1 meets other compo-
nents in at least two points.
Definition 6.2. Let X be a smooth projective surface, and let Y be a smooth
projective curve. A fibration f : X → Y is called semi-stable fibration if all the
fibers are minimally semi-stable.
Definition 6.3. A fibration f : X → Y is said to be isotrivial if for every two closed
fibers are isomorphic.
Notation 6.4. Let f : X → Y be a semi-stable fibration whose geometric generic
fiber Xη is a smooth curve of genus at least two.
In the situation of Notation 6.4, by [Kol90, 4.3 Theorem] or by Corollary 5.4,
f∗ω
m
X/Y is a nef vector bundle for each m ≥ 2. In the first part of this section, we
give a necessary and sufficient condition in terms of f for these vector bundles to be
ample (Theorem 6.8). In the second part, we consider the positivity of f∗ωX/Y .
Example 6.5. In the situation of 6.4, assume that f is isotrivial. Then there exists
a finite morphism ϕ : Y ′ → Y from a smooth projective curve Y ′ such that there
exists a commutative diagram
Z

Z ×k Y
′goo
∼= //
h

XY ′ //
fY ′

X
f

k Y ′oo Y ′
ϕ // Y,
where Z is a closed fiber of f [Szp79]. Let D be an effective divisor on X such
that (KX/Y · D) = 0. Then since ωZ×kY ′/Y ′
∼= g∗ωZ , and since ωZ is ample, each
irreducible component of DY ′ is a fiber of g, thus we have DY ′ ∼ g
∗E for some
effective divisor E on Z. Then for each integer m ≥ 1, we have
ϕ∗f∗ω
m
X/Y (D)
∼= h∗ω
m
(Z×kY ′)/Y ′
(DY ′) ∼= h∗g
∗ωmZ (E)
∼= H0(Z, ωmZ (E))⊗k OY ′ ,
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and the right-hand side is trivial, so is ϕ∗f∗ω
m
X/Y (D). In particular, f∗ω
m
X/Y (D) is
not ample for each m ≥ 1.
In order to prove Theorem 6.8, we recall some results due to Szpiro and due to
Tanaka.
Theorem 6.6 ([Szp79, The´ore`m 1]). In the situation of Notation 6.4, assume that
f is non-isotrivial. Then ωX/Y is nef and big. Furthermore, an integral curve C in
X satisfies (ωX/Y ·C) = 0 if and only if C is a smooth rational curve with (C
2) = −2
contained in a fiber.
Theorem 6.7 ([Tan12, Theorem 2.6]). Let X be a smooth projective surface, let B
be a nef big R-divisor whose fractional part is simple normal crossing, and let N
be a nef R-divisor which is not numerically trivial. Then there exists a real number
r(B,N) > 0 such that
H i(X,KX + ⌈B⌉ + rN +N
′) = 0
for each i > 0, for every real number r ≥ r(B,N), and for every nef R-divisor N ′
such that rN +N ′ is a Z-divisor.
Theorem 6.8. In the situation of Notation 6.4, let ∆ be an effective Z(p)-divisor
on X. Assume that ⌊∆η⌋ = 0. Then the following conditions are equivalent:
(1) f is non-isotrivial or (KX/Y ·∆) > 0.
(2) f∗OX(m(KX/Y +∆)) is ample for each m ≥ 2 such that m∆ is integral.
(3) f∗OX(m(KX/Y +∆)) is ample for some m ≥ 2 such that m∆ is integral.
In particular, f∗ω
m
X/Y is ample for each m ≥ 2 if and only if f is non-isotrivial.
Proof. (2) ⇒ (3) is obvious. (3) ⇒ (1) is follows from Example 6.5, thus we have
only to prove (1)⇒ (2).
Step1. We show that if f is isotrivial, then there exists an ε1 ∈ (0, 1)∩Q such that
KX/Y + ε∆ is ample for every ε ∈ (0, ε1) ∩ Q. We may assume that X ∼= Z ×k Y
for a smooth projective curve Z of genus ≥ 2, and f : X → Y is the second
projection. By the assumption of (1), there is an irreducible component ∆i of ∆
such that g(∆i) = Z, where g : X → Z be the first projection. Thus there exists
an ε1 ∈ (0, 1) ∩ Q, (KX/Y + ε∆ · C) > 0 for every ε ∈ (0, ε1) ∩ Q and for every
integral curve C in X . This means that KX/Y + ε∆ is an ample Q-divisor by the
Nakai-Moishezon criterion.
Step2. LetH be an ample divisor on Y . We show that there exists an ε2 ∈ [0, ε1)∩Q
satisfying H1(X,m(KX/Y +ε2∆)−f
∗H) = 0 for each divisible enoughm > 0. When
f is isotrivial, this follow from Step 1 and the Serre vanishing theorem. We assume
that f is non-isotrivial, and set ε2 := 0. Since KX/Y is nef and big by Theorem 6.6,
there exists an integer n > 0 such that nKX/Y − f
∗(KY +H) ∼ B for some effective
divisor B. Let C be an integral curve in X satisfying (B · C) < 0. Then we have
(f ∗(KY +H) · C) > (B + f
∗(KY +H) · C) = (nKX/Y · C) ≥ 0,
so C dominates Y , hence (KX/Y · C) > 0 by Theorem 6.6. Replacing n by a larger
one if necessary, we may assume that B is also nef and big. Then for every m≫ 0,
we have
H1(X,mKX/Y − f
∗H) = H1(X,KX +B + (m− n− 1)KX/Y ) = 0,
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where the second equality follows from Theorem 6.7.
Step3. We show that t(Y, f∗OX(m(KX/Y + ε2∆)), H) > 0 for each divisible enough
m > 0. There exists an exact sequence
0→ OX(m(KX/Y + ε2∆)− f
∗H −Xy)→OX(m(KX/Y + ε2∆)− f
∗H)
ρ
−→OXy(m(KX/Y + ε2∆)− f
∗H)→ 0
for every closed point y ∈ Y . By Step 2, since H+y is ample, H0(X, ρ) is surjective
for each divisible enough m > 0. This means that
f∗OX(m(KX/Y + ε2∆)− f
∗H) ∼= (f∗OX(m(KX/Y + ε2∆)))(−H)
is globally generated, and we have t(Y, f∗OX(m(KX/Y + ε2∆)), H) ≥ 1 > 0.
Step4. Let a be an integer not divisible by p such that a∆ is integral. We show
that f∗OX(am(KX/Y +∆)) is ample for each m ≥ 2/a. Set ε3 := 1/(p
b+1) for some
integer b≫ 0. Then, since (Xη, (1 + ε3)∆η) is F -pure by Fedder’s criterion [Fed83],
the proof of Theorem 5.1 shows that
t(Y, f∗OX(m(KX/Y + (1 + ε3)∆)), H) ≥ 0
for each divisible enough m > 0. On the other hand, let n0 ≥ 2 be an integer such
that
H1(Xη, cn((1− ε2 − ε3)KXη + (1− ε2 − ε3 − 2ε2ε3)∆η)) = 0
for some divisible enough integer c > 0 and each n ≥ n0. This means that
OXη(c(1− ε2)n(KXη + (1 + ε3)∆η))
is 0-regular with respect to Dn := cε3n(KXη + ε2∆η)), where note that Dn is a very
ample divisor on Xη. Hence the morphism
H0(Xη, c(1− ε2)n(KXη + (1 + ε3)∆η))⊗H
0(Xη, Dn)
→ H0(Xη, c(1− ε2 + ε3)n(KXη +∆η))
is surjective by the Castelnuovo-Mumford regularity [Laz04, Theorem 1.8.5]. From
this, the morphism
f∗OX(c(1− ε2)n(KX/Y + (1 + ε3)∆))⊗ f∗OX(cε3n(KX/Y + ε2∆))
→ f∗OX(c(1− ε2 + ε3)n(KX/Y +∆))
is generically surjective. By Lemma 4.5 and Step3, we have
t(Y, f∗OX(c(1− ε2 + ε3)n(KX/Y +∆)), H) > 0.
From now on we use notation of the proof of Theorem 5.1. There exists an integer
l > 0 divisible enough such that t(l) := t(Y, f∗OX(l(KX/Y + ∆)), H) > 0. By an
argument similar to Step2 in the proof of Theorem 5.1, there exists a h0 > 0 such
that t(l) + t(h) ≤ t(l + h) for every h ≥ h0. By Corollary 3.14, we have
S0(Xη,∆η, am(KXη +∆η)) = H
0(Xη, am(KXη +∆η))
for each m ≥ 2/a. Thus by an argument similar to Step3 and 4 in the proof of
Theorem 5.1, we have
qm,et(l) + t(rm,e + h0) ≤ t(mp
e − a−1(pe − 1)) ≤ pet(m),
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for every e > 0 with a|(pe − 1). Here, qm,e > 0 and rm,e respectively the quo-
tient and the remainder of the devision of mpe − a−1(pe − 1) − h0 by l. Hence
we obtain t(Y, f∗OX(am(KX/Y + ∆)), H) > 0 for each m ≥ 2/a, which implies
f∗OX(am(KX/Y +∆)) is ample by Proposition 4.8. This completes the proof. 
The following example shows that we can not drop the assumption ⌊∆η⌋ = 0 in
Theorem 6.8.
Example 6.9. In the situation of Notation 6.4, let ∆ be an effective Q-divisor on
X , and let C be a section of f . Taking blow-up, and replacing ∆ and C by their
proper transforms, we may assume that ∆ and C are disjoint. Set ∆′ := ∆ + C.
Then, for some integer a > 0 such that a∆ is integral and for each m ≥ 2/a, there
exists an exact sequence
0→ OX(am(KX/Y +∆
′)− C)→ OX(am(KX/Y +∆
′))→ OC → 0.
This induces a nonzero morphism
f∗OX(am(KX/Y +∆
′))→ OY ,
since
H1(Xη, am(KXη +∆
′
η)− Cη)
∼= H0(Xη, (1− am)KXη − am∆
′
η + Cη) = 0.
Hence f∗OX(am(KX/Y +∆+ C)) is not ample for each m ≥ 2.
Next, in the situation of Notation 6.4 we consider the positivity of f∗ωX/Y . This
relate to the p-ranks of fibers. Here the p-rank of a smooth projective curve C is
defined to be the integer γC ≥ 0 such that p
γC is equal to the number of p-torsion
points of the Jacobian variety of C. It is known that γC = dimk S
0(C, ωC). Jang
proved that if the geometric generic fiber Xη is ordinary, (i.e., the p-rank of Xη is
equal to dimkH
0(Xη, ωXη)), then f∗ωX/Y is a nef vector bundle [Jan08]. Raynaud
implied that if every closed fiber is a smooth ordinary curve, then f is isotrivial
[Szp81, THE´ORE`ME 5]. On the other hand, Moret-Bailly constructed an example
of semi-stable fibration such that f∗ωX/Y is not nef [MB81]. In this case, Xη is a
smooth curve of genus two and of p-rank zero. As a generalization, Jang showed
that if f is non-isotrivial and the p-rank ofXη is zero, then f∗ωX/Y is not nef [Jan10].
We generalize these results to the case of intermediate p-rank (Theorem 6.13), based
on the method in [Jan10].
Theorem 6.10 ([Jan10, Corollary 2.5]). In the situation of Notation 6.4, let M
and T be the free part and the torsion part of R1fY 1∗B
1
X/Y respectively, where B
1
X/Y
is the kernel of φ
(1)
X/Y ⊗ωXY 1/Y 1 (φ
(1)
X/Y is defined in Section 2). Then there exists an
exact sequence of OY 1-modules
0→M∗ → f (1)∗ωX1/Y 1
fY 1∗(φ
(1)
X/Y
⊗ωX
Y 1
/Y 1)
−−−−−−−−−−−−−→ F ∗Y f∗ωX/Y →M⊕ T → 0.
Theorem 6.11 ([Szp79, Proposition 2]). In the situation of Notation 6.4, f is
isotrivial if and only if deg f∗ωX/Y = 0.
Theorem 6.12 ([LS77, 1.4. Satz]). Let E be a vector bundle on a smooth projective
curve C. If F eC
∗E ∼= E for some e > 0, then there exists an e´tale morphism π : C ′ →
C from a smooth projective curve C ′ such that π∗E ∼=
⊕
OC′.
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Theorem 6.13. In the situation of Notation 6.4, the function
s(y) := dimk(y) S
0(Xy, ωXy)
on Y is lower semicontinuous. Furthermore, f is isotrivial if and only if s(y) is
constant on Y and f∗ωX/Y is nef.
Proof. By Observation 3.19 (IV) we get the first statement (set ∆ = 0 and R =
KX/Y ). We show that the second statement. If f is isotrivial, then obviously s(y)
is constant, and by Example 6.5, f∗ωX/Y is nef. Conversely, we assume that s(y) is
constant on Y . This means that coker(θ(e)) is locally free for each e≫ 0, where
θ(e) := fY e∗(φ
(e)
X/Y ⊗ ωXY e/Y e) : f
(e)
∗ ωXe/Y e → fY e∗ωXY e/Y e
∼= F eY
∗f∗ωX/Y .
Then there exists a commutative diagram
f∗ωX/Y
θ(e) //
&& &&▲▲
▲
▲
▲
▲
▲
▲
▲
▲
θ(e+1)
&&
F eY
∗f∗ωX/Y
F eY
∗θ(1)
// F e+1Y
∗
f∗ωX/Y
im(θ(e))
?
O
α(e) '' ''PP
P
P
P
P
P
P
P
P
P
P
F ∗Y im(θ
(e))
?
O
im(θ(e+1))
?
β(e)
O
for each e > 0. When e≫ 0, since α(e) is a surjective morphism between vector bun-
dles of the same rank, it is an isomorphism. Furthermore, since β(e) is an inclusion
between subbundles of F e+1Y
∗
f∗ωX/Y of the same rank, it is an isomorphism. Thus
we have F ∗Y im(θ
(e)) ∼= im(θ(e)), in particular, by Theorem 6.12, deg(im(θ(e))) = 0.
Suppose that f∗ωX/Y is nef. Then, Theorem 6.10 shows that (ker(θ
(1)))∗ is nef, hence
that (ker(α(e)))∗ is nef. Thus for every e > 0, the exact sequence
0→ ker(α(e))→ im(θ(e))→ im(θ(e+1))→ 0
induces that
deg(im(θ(e))) = deg(im(θ(e+1))) + deg(ker(α(e))) ≤ deg(im(θ(e+1))).
From this we have deg(im(θ(1))) ≤ deg(im(θ(2))) ≤ · · · ≤ 0, and hence
0 ≤ deg f∗ωX/Y = deg(ker(θ
(1))) + deg(im(θ(1))) ≤ 0.
Consequently, Theorem 6.11 shows that f is isotrivial, which completes the proof.

7. Iitaka’s conjecture
In this section, we consider Iitaka’s conjecture under the following hypotheses:
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Notation 7.1. Let f : X → Y be a fibration between smooth projective varieties,
let ∆ be an effective Q-divisor on X such that a∆ is integral for some integer a > 0
not divisible by p, and let η be the geometric generic point of Y . Assume that
(i) KXη +∆η is finitely generated in the sense of Definition 3.8, and
(ii) there exists an integer m0 > 0 such that for every integer m ≥ m0
S0(Xη,∆η, m(aKXη + (a∆)η)) = H
0(Xη, m(aKXη + (a∆)η)).
Here condition (i) and (ii) are the same as in Theorem 5.1. We first prove the
case where Y is of general type based on the method in [Pat13].
Theorem 7.2. In the situation of Notation 7.1, assume that Y is of general type.
Then
κ(X,KX +∆) ≥ κ(Y,KY ) + κ(Xη, KXη +∆η).
In the proof we use the argument similar to [Pat13, §4] and the proof of [Pat13,
Theorem 1.7].
Proof. We may assume that κ(Xη, Kη +∆η) ≥ 0.
Step1. Set S ′ := {ε ∈ Q|κ(X,KX/Y + ∆ − εf
∗H) ≥ κ(Xη, KXη + ∆η) + κ(Y )},
where H is an ample divisor on Y . We show that S ′ is nonempty. By the assumption
(i), there exists an integer b > 0 such that R(Xη, ab(KXη + ∆η)) is generated by
H0(Xη, ab(KXη + ∆η)). By projection formula, there exists an integer c > 0 such
that f∗OX(ab(KX/Y +∆)+ cf
∗H) is globally generated. Thus for every m > 0, the
natural morphism
m⊗
f∗OX(ab(KX/Y +∆) + cf
∗H)→ f∗OX(abm(KX/Y +∆) + cmf
∗H)
is generically surjective and shows that f∗OX(abm(KX/Y +∆) + cmf
∗H) is generi-
cally globally generated. This implies
dimkH
0(X, abm(KX +∆) + cmf
∗H)
≥ dimk(η)H
0(Xη, abm(KXη +∆η)) + dimkH
0(Y, abmKY ),
Hence for ε0 := −c/(ab), we have κ(X,KX+∆−ε0f
∗H) ≥ κ(Xη, KXη+∆η)+κ(Y ).
Step2. Set S := {ε ∈ Q|κ(X,KX/Y+∆−εf
∗H) ≥ 0}. We show that supS = supS ′.
Since S ⊇ S ′ we have the inequality ≥. We show ≤. For an ε ∈ S, KX/Y +∆−εf
∗H
is Q-linearly equivalent to an effective Q-divisor. Thus for every 0 < δ ∈ Q and
ε0 ∈ S
′,
κ(X, (1 + δ)(KX/Y +∆)− (ε+ δε0)f
∗H) ≥κ(X, δ(KX/Y +∆− ε0f
∗H))
≥κ(Xη, KXη +∆η) + κ(Y ).
This implies (ε+ δε0)/(1 + δ) ≤ supS
′. Since limδ→0(ε+ δε0)/(1 + δ) = ε, we have
ε ≤ supS ′, and hence supS ≤ supS ′.
Step3. We show that supS ≥ 0. For simplicity of notation, we denote
f∗OX(am(KX/Y + ∆)) by Gm. By the proof of 5.1, we have t(Y,Gm, H) ≥ 0 for
each m ≥ m0. We fix an m ≥ m0 such that Gm 6= 0, where such m exists by
the assumption that κ(Xη,∆η, KXη + ∆η) ≥ 0. Let d > 0 be an integer such that
a|(pd − 1). Then for every ε ∈ T (Y,Gm, H) there exists an e > 0 such that p
dee ∈ Z
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and (F deY
∗
Gm)(−p
deεH) has a nonzero global section. On the other hand, since XY de
is a variety, the natural morphism F
(de)
X/Y
#
: OX
Y de
→ F
(de)
X/Y ∗
OXde is injective, which
induces injective OY de-module homomorphism
F deY
∗
Gm ∼= fY de∗OXY de (am(KXY de/Y de +∆Y de)) →֒ f
(de)
∗OXde(amp
de(KXde/Y de +∆)).
Note that the reducedness of XY de follows from the separability of f and the flatness
of FY . From this
H0(X, ampde(KX/Y +∆)− p
deεf ∗H) 6= 0,
and hence we have (ampde)−1pdeε = (am)−1ε ≤ supS, and so
0 ≤
t(Y,Gm, H)
am
≤ supS.
Step4. We show the assertion. By the assumption and Step3, there exists an ε ∈ S ′
such that KY − εH is linearly equivalent to an effective Q-divisor. Then
κ(X,KX +∆) =κ(X,KX/Y +∆+ f
∗KY )
≥κ(X,KX/Y +∆+ εf
∗H) ≥ κ(Xη, KXη +∆η) + κ(Y ).
This is our claim. 
Next, we show that Iitaka’s conjecture when Y is an elliptic curve (Theorem 7.6).
To this end, we recall some facts about vector bundles on elliptic curves.
Theorem 7.3 ([Ati57, Oda71]). Let C be an elliptic curve, and let EC(r, d) be the
set of isomorphism classes of indecomposable vector bundles of rank r and of degree
d. Then the following conditions are satisfied:
(1) For each r > 0, there exists a unique element Er,0 of EC(r, 0) such that
H0(C, Er,0) 6= 0. Moreover, for every E ∈ EC(r, 0) there exists an L ∈
Pic0(C) = EC(1, 0) such that E ∼= Er,0 ⊗ L.
(2) For every E ∈ EC(r, d),
(
dimH0(C, E), dimH1(C, E)
)
=


(d, 0) when d > 0
(0,−d) when d < 0
(0, 0) when d = 0 and E 6= Er,0
(1, 1) when E ∼= Er,0.
(3) Let E ∈ EC(r, d). If d > r (resp. d > 2r) then E is globally generated (resp.
ample).
(4) ([Oda71, Corollary 2.9]) When the Hasse invariant Hasse(C) is nonzero,
F ∗CEr,0
∼= Er,0. When Hasse(C) = 0, F
∗
CEr,0
∼=
⊕
1≤i≤min{r,p} E⌊(r−i)/p⌋+1,0.
Remark 7.4. Let C be an elliptic curve, and let r0 > 0 be an integer. When
Hasse(C) = 0, Theorem 7.3 (4) shows that there exists an e > 0 such that F eC
∗Er,0 ∼=⊕
OC for each r = 1, . . . , r0. When Hasse(C) 6= 0, Theorem 7.3 (4) and Theorem
6.12 show that there exists an e´tale morphism π : C ′ → C from an elliptic curve C ′
such that π∗Er,0 ∼=
⊕
OC′ for each r = 1, . . . , r0.
We also need the following theorem.
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Theorem 7.5 ([Iit82, Theorem 10.5]). Let f : X → Y be a surjective morphism
between smooth complete varieties, let D be a divisor on Y , and let E be an effective
divisor on X such that codim(f(E)) ≥ 2. Then κ(X, f ∗D + E) = κ(Y,D).
Theorem 7.6. In the situation of Notation 7.1, assume that Y is an elliptic curve.
Then
κ(X,KX +∆) ≥ κ(Y ) + κ(Xη, KXη +∆η).
Proof. Step1. Let M ≥ m0 be an integer. We show that there exists a finite
morphism α : Y ′ → Y from an elliptic curve Y ′ such that for each m = m0, m0 +
1, . . . ,M
α∗f∗OX(am(KX/Y +∆)) ∼= Fm ⊕ (
⊕
L∈Sm
L),
where Fm is an ample and globally generated vector bundle, and Sm ⊆ Pic
0(Y ′).
This claim follows from Theorem 5.1 and the lemma below.
Lemma 7.7. Let E be a nef vector bundle on an elliptic curve C. Then there exists a
finite morphism π : C ′ → C from an elliptic curve C ′ such that π∗E ∼= F⊕(
⊕
L∈S L),
where F is an ample and globally generated vector bundle on C ′, and S ⊆ Pic0(C ′).
Proof of Lemma 7.7. By Theorem 7.3 (3), replacing E by F eY
∗E , we may assume
that E ∼= F ⊕ G where F is ample and globally generated, and G is a direct sum
of elements of
⋃
r>0 EC(r, 0). Hence, Theorem 7.3 (1) and Remark 7.4 complete the
proof. 
Step2. We show that κ(XY ′ , KXY ′ + ∆Y ′) = κ(X,KX + ∆). Obviously, we need
only consider when α is separable and when α is purely inseparable. If α : Y ′ → Y
is separable then it is e´tale, thus so is αX : XY ′ → X , in particular XY ′ is a
smooth variety. Hence the claim follows from Theorem 7.5, where we note that
KXY ′ ∼ KXY ′/Y ′ ∼ (KX/Y )Y ′ ∼ (KX)Y ′. If α = F
(e)
Y/k for some e > 0, then there is a
commutative diagram
Xe
F
(e)
X/Y

F
(e)
X/k
""❋
❋
❋
❋
❋
❋
❋
❋
❋
XY e
(F
(e)
Y/k
)X
//
fY e

Xke ∼=
//
fke

X
f

Y e
F
(e)
Y/k
// Yke ∼=
// Y.
SinceXY e is a variety (cf. [Pat13, Lemma 5.2]), we have injective morphismsOXke →
(F
(e)
Y/k)X∗
OXY e → F
(e)
X/k∗
OXe , which induce injective morphisms
H0(X, am(KX +∆)) →֒ H
0(XY e , am(KXY e +∆Y e)) →֒ H
0(Xe, ampe(KXe +∆))
for every m > 0. Thus κ(X,KX +∆) = κ(XY e, KXY e +∆Y e) as claimed.
Step3. We complete the proof. Write Gm := f∗OX(am(KX +∆)). Let l, n0 > m0
be as in the proof of Theorem 5.1. By the above argument, we may assume that
Gm ∼= Fm⊕ (
⊕
L∈Sm
L) for each m ∈ {l} ∪ {n0+ i}1≤i<l, where Fm is an ample and
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globally generated vector bundle, and Sm ⊆ Pic
0(Y ).
Claim. The subgroup G of Pic0(Y ) generated by Sl is a finite group.
Proof of the claim. Let d, ql,e, rl,e be as in the proof of Theorem 5.1 for each e≫ 0.
Set Sl = {L1, . . . ,Lh}. Then for each i = 1, . . . , h, there exist generically surjective
morphisms
(Fl ⊕L1 ⊕ · · · ⊕ Lh)
⊗ql,e ⊗ (Fn0+rl,e ⊕ (
⊕
L∈Sn0+rl,e
L)) ∼= G
⊗ql,e
l ⊗ Gn0+rl,e
→ Glpde+a−1(1−pde) → F
de
Y
∗
Gl → L
pde
i
as in the proof of Theorem 5.1. It follows that there exists a nonzero morphism
Lt11 ⊗ · · · ⊗ L
th
h ⊗ L → L
pde
i for some integers t1, . . . , th ≥ 0 satisfying
∑h
i=1 ti = ql,e
and for some L ∈
⋃l−1
r=0 Sn0+r. Since this is a nonzero morphism between line bundles
of degree zero on a smooth projective curve, this is an isomorphism, in particular
L ∈ G. For each i = 1, . . . , h we denote L−1i by Li+h for each i = 1, . . . , h, and for
each m > 0 we set
G(m) := {
⊗2h
i=1 L
mi
i | 0 ≤ mi and
∑2h
i=1mi ≤ m } ⊆ G.
Let c > 0 be an integer satisfying {L ∈ G|L or L−1 is in
⋃l−1
r=0 Sn0+r} ⊆ G(c). Then
by the above argument Lp
de
1 , . . . ,L
pde
2h ∈ G(ql,e + c). Since p
de > ql,e + c for some
e≫ 0, there exists an N > 0 such that G = G(N), which is our claim. 
By the claim, there exists an n > 0 such that n∗YL
∼= Ln ∼= OY for each L ∈ Sl.
Hence, replacing f by its base change with respect to nY , we may assume that Gl
is globally generated. Then, for each b ≫ 0, Gbl is generically globally generated,
because the natural morphism G⊗bl → Gbl is generically surjective as in the proof of
Theorem 5.1. Thus we have
dimkH
0(X, abl(KX/Y +∆)) =dimkH
0(Y,Gbl)
≥ dimk(η)(Gbl)η = dimk(η)H
0(Xη, bl(aKXη + (a∆)η))
for each b≫ 0, and so κ(X,KX +∆) ≥ κ(Xη, KXη +∆η). 
There are some recent progress on Iitaka’s conjecture in positive characteristic.
Let f : X → Y be a fibration between smooth projective varieties, and let Xη be
the geometric generic fiber. Chen and Zhang proved that
κ(X) ≥ κ(Y ) + κ(Z)
when f is of relative dimension one, where Z is the normalization of Xη [CZ13,
Theorem 1.2]. They also proved that
κ(X) ≥ κ(Y ) + κ(Xη, KXη)
when dimX = 2 and dim Y = 1 [CZ13, Theorem 1.3]. Patakfalvi showed that
κ(X) ≥ κ(Y ) + κ(Xη, KXη)
when Y is of general type and S0(Xη, ωXη) 6= 0 [Pat13]. For a related result, see
[Pat14, Corollary 4.6].
On the other hand, as a direct consequence of Theorem 7.2, Theorem 7.6, and
Corollary 3.23, we obtain the following new result:
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Corollary 7.8. Let f : X → Y be a fibration from a smooth projective variety X of
dimension three to a smooth projective curve Y . Assume that the geometric generic
fiber Xη is a normal surface of general type with rational double point singularities,
and p ≥ 7. Then
κ(X) ≥ κ(Y ) + κ(Xη).
Proof. We note that in this case KXη is finitely generated (cf. [Baˇd01, Corol-
lary 9.10]). Thus the result follows from Corollary 3.23 and Theorems 7.2 and
7.6. 
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